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INTEGRODIFFERENTIAL EQUATIONS

M. A. DIOP, P. D. A. GUINDO, M. FALL, AND A. DIAKHABY

ABSTRACT. The aim of this work is to investigate a class of stochastic functional
integrodifferential equations(SFIDEs) in a Hilbert space. We first study the exis-
tence of mild solutions of these equations by means of stochastic analysis theory
and theory of resolvent operator in the sense of Grimmer. Further, the existence
of optimal pairs for the corresponding Lagrange control systems is investigated.
Finally, an example is presented to illustrate our obtained results.

1. INTRODUCTION

In the last decades stochastic differential equations have attracted considerable
attention. These equations have been studied extensively since they are abstract
formulations for many problems arising from economics, finance, physics, me-
chanics, electricity and control engineering, etc. (see [10, 15, 25]). There is much
current interest in studying qualitative properties for SPDEs (see, e.g., [1} 2, 5, 26,
27]). In recent years, much attention has been paid to the qualitative properties
of mild solutions to various stochastic integrodifferential equations by using the
resolvent operator theory for integral equations and the fixed point technique see
e.g., [14,20, 28] and the references therein.

On the other hand the optimal control is one of the important concepts in con-
trol theory and plays a vital role in control systems. For an optimal control prob-
lem, the minimization of a criterion function of the states and control inputs of
the system over a set of admissible control functions are necessary. The system
is subject to constrained dynamics and control variables, among which additional
constraints such as final time constraints can be considered. The optimal control
theory has been successfully applied in biology, engineering, economy, physics,
etc. (see [12]). In recent years, many efforts have been made to investigated the
existence of optimal controls for various types of stochastic nonlinear functional
differential equations in infinite dimensional spaces(see [21} [25]). Bonaccorsi et al.
[17] investigated the optimal control problem for stochastic differential equations
with dynamical boundary conditions. Zhou and Liu [11]] studied the existence of
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optimal control for stochastic evolution equations in Hilbert spaces. Ren and Wu
[22] discussed the optimal control problem associated with multivalued stochas-
tic differential equations with Levy jumps by using Yosida approximation theory.
Rajivganthi et al. [18] presented the optimal control results of fractional stochas-
tic neutral differential equations in Hilbert spaces. Very recently in [6], the authors
obtained necessary conditions of optimality for some stochastic integrodifferential
of neutral type. Dhayal et al. [13] studied the optimal control problem for non-
instantaneous impulsive stochastic neutral integrodifferential equations driven by
fractional Brownian motion by using the theory of the resolvent operator and a
fixed point technique.

Motivated by the above discussion, in this work, we study the stochastic func-
tional integrodifferential equations of the following form

dx(t) = {Ax(t) + /Ot B(t —s)x(s)ds + C(t)u(t)
Yolt, xt)} dt + f(t, x;)dew(t) for t € [0, T), M)
x(0) =@ € B,

where the state x(t) takes values in a separable real Hilbert space H with in-
ner product < -,- >y and norm || - ||g. A is the infinitesimal generator of Cy-
semigroup (T(t));>o on H with domain D(A). Let K be another separable Hilbert
space with inner product < -, - >k and norm || - | x. Here (B(t));>0 is is closed lin-
ear operator on H with domain D(B) C D(A) which is independent of t. Suppose
{w(t);t > 0} is a given K-valued Wiener process with covariance operator Q > 0
defined on a complete probability space (Q, F, P, { F }+>0), were { F; }1>¢ is a nor-
mal filtration generated by the Wiener process w. u takes values from separable,
reflexive Hilbert space Y and C is a linear operator from Y into H. The time history
x¢ : (—oo,0] — H given by x:(6) = x(t + 0) belongs to some abstract phase space
B defined axiomatically; f : [0,T] x B — L,(K,H) and o : [0,T] x B — H. f
and o are appropriate functions and £, (K, H) is the space of bounded functions
from K into H. The initial data {@(t) : t € (—o0,0]} is an Fy-adapted, B-valued
random variable independent of the Wiener process w with finite second moment
and xp is an Fp-adapted, H valued random variable independent of w.

Our objective in this work is to investigate the existence of mild solutions and
optimal control for system (1) by using the Krasnoselskii-Shaefer fixed point the-
orem combined with the resolvent operator theory. Furthermore, to the best of
our knowledge, the optimal controls for stochastic partial functional integrodif-
ferential equations (1) with infinite delay are untreated in the literature, and this
fact motivates us to extend the existing ones and make new development of the
present work on this issue.

The remainder of this work is structured accordingly. We introduce some basic
notations and required preliminaries in Section 2| In Section (3] we prove the exis-
tence of mild solutions for system (T). Section 4 displays the outcomes for optimal
pairs of system governed by stochastic control system (I). Finally, an example is
given in Section 5 to illustrate the obtained results.
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2. PRELIMINARIES

Let H, K be two real separable Hilbert spaces and we denote by < -,- >p
, < -,- >k their inner products and by || - ||, || - |k their corresponding vector
norms respectively. Let L(K, H) be the space of linear operators mapping K into
H equipped with the usual norm || - ||, and £,(H) denotes the Hilbert space of
bounded linear operators from H to H.

Let {w(t) : t > 0} denote an K-valued Wiener process defined on the prob-
ability space (Q, F,P) with covariance operator Q, that is E < w(t),x >g<
w(t),y >x=tAs < Qx,y >y, forall x, y € H, where Q is a positive, self-adjoint,
trace class operator on K. In particular, we denote w(t) an K-valued Q-Wiener
process with respect to { F }¢>o.

In order to define stochastic integrals with respect to the Q-Wiener process w(t),
we introduce the subspace Kg = Q% (K) of K which is endowed with the inner
product < #,0 >g,=< Q’%ﬁ,Q’%ﬁ >k is a Hilbert space. We assume that
there exists a complete orthonormal system {e, },>1 in K, a bounded sequence

of non-negative real numbers {A, },>1 such that Qe, = A,e, and a sequence 3, of
independent Brownian motions such that

<w(t),e>= Y VA <ewe>Bu(t), ecKte],
n=1

and F; = F;’, where F is the o-algebra generated by {w(s) : 0 < s < t}.
Let LY = Ly(Ko, H) be the space of all Hilbert-Schmidt operators from Ko to H
with the norm ||||?, = T?’((II)Q%)(II)Q%)*) for any 1 € L9. Obviously, for any

2
bounded operator i € L,(K, H) this norm reduces to ||1,b||%2 = Tr(¢Qy*). Let
0
LP(Fr, H) be the Banach space of all Fr-measurable pth power integral random
variables with values in the Hilbert space H. Let C([0, T]; LP(F,H)) be the Ba-
nach space of continuous maps from [0, T] into L? (F, H) satisfying the condition
sup;¢; E||x(t) |F; < o0o. In particular, we introduce the space C(J, H) denoting the
closed subspace of C([0, T]; LP(F,H)) consisting of measurable and Fr-adapted
H-valued stochastic processes x € C([0,T];LP(F,H)) endowed with the norm

1
lxllc = (supOStSTEHx(t)H[’;H)?. Then (C, ||.||c) is a Banach space. The notation
B (x, H) stands for the closed ball with center x and radius r > 0 in H.

In the following, let Y be a separable reflexive Hilbert space from which the
controls u take values. The operator C € Loo(J, L(Y,H)), ||C||s stands for the
norm of operator C on Banach space Loo(J, L(Y,H)), where Loo(J, L(Y,H)) de-
notes the space of operator valued functions which are measurable in the strong
operator topology and uniformly bounded on the interval J. Let Lpf( J,Y) be the
closed subspace of Lff( ] x Q,Y), consisting of all measurable and F;-adapted,

Y-valued stochastic processes satisfying the condition E fOT lu(t)||%dt < oo, and

1
endowed with te norm HuHLpf(] v) = (E fOT |u(t)||%dt)?. Let U be a non-empty

closed bounded convex subset of Y. Now, we define the admissible control set as
follows:

Ung = {0() € L2(],Y);0(t) € Uaee. t € J}.
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Then Cu € LP(],H) for all u € U,,.

In this work, we will use an axiomatic definition for the (B, || - ||3) phase space,
which is a seminormed linear space of Fy-measurable functions mapping (—oo, 0]
into H and satisfying the understanding fundamental axioms due to Hale and
Kato (see e.g. in [7]).

(A): Ifx : (—00,6+ T] — H, T > 0 such that x|; 5,.7] € C([6,6 + T], H)
and x5 € B, then for every t € [5,5 + T| the following conditions hold:
1): x;in B;
@) [|lx(t) [l < Hllxt|;
@) |xillp_< K(t = o) sup{l|x(s)llm : & < s < t} + M(t = 5)||xo]l5,
where H > 0 is a constant; K, M : [0,00) — [1, 00), K is continuous
and M is locally bounded; H, K, M are independent of x(-).
(B): For the function x(-) in (A), the function t — x; is continuous from
[6,6 + T] into B.
(O): The space B is complete.

Next, to be able to prove the existence of the mild solutions for (I), we need to
introduce partial integrodifferential equations and resolvent operators that will be
used to develop the main results of this work.

Let X be Banach space. We denote by £(X,Y) the Banach space of bounded
linear operators from X into Y endowed with operator norm and we abbreviate
this notation to £(X)when X =Y.

In what follows, A and B(t) are closed linear operators on X. Y represents the
Banach space D(A) equipped with the graph norm defined by

yly = lAyllx + lyllx for y €Y.

The notations C([0, +o0); Y), L£(Y, X) stand for the space of all continuous func-
tions from [0, +00) into Y, the set of all bounded linear operators from Y into X,
respectively.

Assume that

(R1) Ais the infinitesimal generator of a Co-semigroup (T(t)) ., in X.

(Ry) Forall t > 0, B(t) is a closed linear operator from D(A) to X and B(t) €
L(Y,X). For any y € Y, the map t — B(t)y is bounded uniformly contin-
uous, differentiable and the derivative + — B’(t)y is bounded uniformly
continuous on R*.

We consider the following integrodifferential abstract Cauchy problem:

{x’(t) = Ax(t) + /Ot B(t —s)x(s)ds for t > 0 o)
x(0) = xg € X.

Definition 2.1. [24] We call resolvent operator for the system (2], a bounded linear oper-
ator valued function

R:[0,4+00) = L(X)
satisfying the following properties:
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(i) R(0) = I (identity operator on X) and ||R(t)|| < NeP* for some constants N > 0
and 3.
(ii) Foreach x € X, R(t)x is strongly continuous for t > 0.
(iii) R(t) € L(Y) fort > 0. Forx € Y, R(-)x € C1([0, +00), X) N C([0, +00), Y)
and

R'(t)x = AR(t)x + /Ot B(t — s)R(s)xds
= R(H)Ax + /OtR(t —s)K(s)xds for t>0.

Theorem 2.1. [9] Assume that (R1) and (Ryz) are satisfied. Then, there exists a unique
resolvent operator for Eq. (2).

Now, we give the definition of mild solution for Eq. .

Definition 2.2. An Fi-adapted stochastic process x : (—oo, T] — H is called a mild
solution of the system (1) with respect to u on (—oo,T], if xo = @ € B, x|; € C(J,H)
for every u € U,y there existsa T = T(u) > 0 and

(i): x(t) is measurable and adapted to F;, t > 0.

(i): x(t) € H has cadlag paths on t € ] a.s. and for each t € ], x(t) satisfies

x(t) = R(t)(p(O)+./O.tR(tfs)C(s)u(s)ds
+ /Ot R(t—s)o(s, xs)ds
+ /OtR(t —s)f(s,xs)dw(s), t € ]. 3)

The following result is a consequence of the phase space axioms.

Lemma 2.2. [23] Let x : (—oo, T| — H be an Fy-adapted measurable process such that
the Fo-adapted process xo = @(t) € LY(Q, B) and x|; € C(], H), then

Ixslls < MrE|@|g + sup KrE|[x(s)][m,
0<s<T

where My = supy.; M(t) and Kr = sup,; K(¢).

The following fundamental lemma plays an important role in the existence of
mild solutions and the existence of stochastic optimal controls.

Lemma 2.3. [19] For any p > 1 and for arbitrary LY (K, H)-valued predictable process
¢(+) such that

2p

sup | [“o)into)| < (pap -1y ([ @161 as) 120

s€[0,t]

H
In the rest of this paper, we denote by C, = (p(2p — 1))7.

Lemma 2.4 (Bochner’s Theorem [16]]). A measurable function V : | — H is Bochner
integrable, if ||V ||y is Lebesgue integrable.

Next, we present the Krasnoleiskii-Schaefer-type fixed point theorem appeared
in [4].
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Lemma 2.5 (Krasnoleiskii-Schaefer-type fixed point theorem [4]]). Let ¢1, ¢ be two
operators such that

(i): ¢ is a contraction, and

(ii): ¢ is completely continuous. Then either

(*): the operator equation ¢p1x + Pox = x has a solution, or
(**): theset G = {x € H : ap1(3) + adox} is unbounded for o € (0, 1).

3. EXISTENCE OF MILD SOLUTIONS FOR STOCHASTIC INTEGRODIFFERENTIAL
SYSTEM

In this section, we prove the existence outcomes for stochastic system (T). Let
us introduce the subsequent hypotheses.

(A1): The resolvent operator is compact and there exists a constant M > 1
such that ||[R(t)|| < M.

(Az2): The function o(t,-) : B — H is continuous for each t € ], and for
every ¢ € B, the function t — o(t, ¢) is strongly measurable.

(A3): There exist a function m, () € L'(J,Ry) and continuous nondecreas-
ing function O, : Ry — R such that

Elo(t, )l < mo(t)Os(llw]3)

© 1
/1 mds = OQ.

(Ag): The functiono : | x B — H is compact.
(As): The function f : ] x B — L,(K, H) is continuous and there exists a
constant Ly > 0 such that

Elf(t, ¢1) — f(t, d2) Il < LiEl 1 — b2l t € ], b1, 2 € B

Theorem 3.1. Assume that assumptions (Rq), (Rz) and (A1) — (As) hold. Then, for
each u € Uy, Eq. (1) has at least one mild solution on | with respect to u, provided that

with

16V~ 1C,KEMPTF/?L; < 1.

Proof. Consider the space BC = {x(t) : (—oo,T] — H; x(0) = ¢(0), x(t)|; €
C(J,H)} endowed with the uniform convergence topology and define the opera-

tor¥Y : BC — BC by
(p(t), te [_OC;/ ]/
(wx)() = 4 RO + [ R(t=s)C(s)u(s)ds
+ [ R 90ls, s + [ RO )f(s, 2)duls), e,

where X(t) : (—oo, T] — H is given such that ¥(0) = ¢ and ¥ = x on J. Using
Holder’s inequality, we have

P

IN

E‘ /OtR(t—s)C(s)u(s)ds MPTP*HCII&E/;||u(5>||€gds

H

A

MPTP=Y(C||B ||u|? ,
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where ||C|| is the norm of operator in Banach space Lo (], L(Y, H)).
From Lemma it follows that R(t —s)C(s)u(s) is Bochner integrable with re-
specttos € [0,t] for all t € J. Hence, we conclude that V¥ is defined from BC into

Let » : (—o00,0) — H be the extension of ¢ to (—oo, 0] such that $(0) = ¢(0)on
J. Now, we decompose ¥ as ¥1 and ¥, i.e. ¥ = ¥ 4+ ¥, where
-t
(W1x)(t) = R(t)e(0) + /0 R(t—s)f(s, xs)dw(s), te],
t ' t
(Wox) () = / R(t = )C(s)u(s)ds +/ R(E—8)o(s, %5)ds, t€ ],
0

0

In order to apply Lemma we will verify that ¥, is a contraction while ¥; is a
completely continuous operator. The proof is splitted into six steps.

Step 1. V¥ is a contraction on BC.
Lett € [0, T] and v!,v? € BC. From (As) and Lemma 2.2} we have

E[|(¥101) (1) — (Y20°) (1) g

, - _ p
-k H/o R(t =s)[f(s,0's) = f(s,v%)]dw(s)
: H
; . _ 2/p p/2
< & | [ [IRG= 9B — fis, 1] s
t — — 2/p 1P/
< o | [ Bl o1 — fGs, 1) s
N .
< CPMPTP/z—lLf./O ||vls—vzs|\f3ds
< ZP—lcpMpr/sz sup EHUT(S)—?(S)”%
s€[0,T]
= 2PICMTYRL sup Elel(s) ~ 29
s€[0,T]

since 7(s) = v(s) on |
= 2P7le, MPTP2Le 0! — o).

Taking the supremum over ¢, we get that
[W10" — ¥12?[§ < 6ollo! —o?|E,

where 6y = 2P_1CPMPT7’/2Lf < 1. Therefore, ¥, is a contraction on BC.

Step 2. W, maps bounded sets into bounded sets in BC.

Indeed, it is enough to show that there exists a positive constant k such that for
each x € B,(0, BC) one has H‘szHZ <«.Ifx € B,(0,BC), by Lemma it follows
that

%] < 2P (Mr|l@l|5)? + 27~ Ky := 1.
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By (A1) — (As), wehave fort € |

t 4
E|(W2x)(1)]f; < 2”1]E‘/0 R(t—s)C(s)u(s)ds .
t P
+2plE‘/ R(t —s)o(s, Xs)ds
0 H
t
< 2P-1MPTP-1E/ IC(s)u(s)||Bds
0
t
—|—2P_1MPTP—1/ Ello(s, %) |fds
0
t
< zp—lMpr—lncnﬁoE/o u(s)||ds
t
+2P—1MPTP—1/ 1o (s)O0 (|| s5)ds
0
< 2P IMPTPY|C o ul| ]

L (1Y)

t
+2”_1M”T”_1@g(1’1)/0 me(s)ds := k.

Hence, for each x € B,(0, BC), we have ||‘P2x||g < k.

Step 3. ¥, maps B,(0, BC) into a relatively compact set in H.

It follows from the strong continuity of (R(t));>0 and condition (A4) that, the set
{R(t—s)o(s,$); t,s €[0Tl < r}is relatively compact in H. Moreover
for x € B,(0,BC), from the mean value theorem for the Bochner integral, we can
infer that

(Wox)(t) € co{R(t —s)o(s,¢); t,s€[0,T], \|1p||g <r*}

forallt € J;co denotes the convex hull. As a result, we conclude that { (Wyx)(t) :
x € B,(0,BC)} is the relatively compact set in H for every t € J.

Step 4. ¥, maps bounded sets into equicontinuous sets of BC.

Let e be a positive number such that0 < e < t < T. From step 3, (W2B,(0, BC))(t)
is relatively compact for each t and by the strong continuity of R(#), we can choose
0<é6<T-—twith

IR(t+1)x = R(t)x[|a < e
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for x € (¥2B,(0,BC))(t) when 0 < I < 6.
For any x € B,(0, BC). Using (A1) — (As), we obtain

E[| (Wax)(t +1) — (¥22) (1) Il

< 6 'E /t_e[R(t +1—5)—R(t—s)]C(s)u(s)ds ’
< A "
t P
+6/ 1R / [R(t4+1—35) — R(t —s)]C(s)u(s)ds
H
+6P 1R R t+1—35)C(s)u(s)ds ’
t H
+6/1E /Ot ) R(t+1—s)—R(t—s)]o(s, xs)ds ’
t pH
+6/1E / R(t+1—s) —R(t—s)]o(s, Xs)ds
t H

p

+
+6/71E / R(E+1 — s)o(s, %)ds
t H

== P+ P,+ P34+ Py+ P5s+ Ps. 4)

By Holder’s inequality, we have the following estimates

1 p t—e %1 p—1 t—e .

P <6 C|% (/0 IR(t+1—s) = R(t—s)||} > xE/ |u(s) || s
1 p t—e p-1 p

<o et ([ CIRGH -9 - RO-9IET) < [ Jue)l

t—e
< 6P—1|\C||§Oep(t—e)p_1]E/ lu(s)||ds,
0

)

t

P < 6”*1||C\|§o€p*1E/ IR(t+1 =) — R(t = s)|lf[lu(s)[|§ds
:76 (6)
< 12P I MPeP IR / u(s) || s
t—e
and
t+1
Py < 6 IR E [ IR +1=5) [ u(s) s

(7)

< 6P| C|BlP" 1MPE/ u(s)||Lds.

On the other hand, we obtain from Holder inequality in view of assumptions (A3)
and (Ay)

Py < 6P 1(t — e)P1 /Ot_eEH[R(t +1—5)—R(t—s)]o(s, %) ||kds

< 6p71(t_e)pfl/ot’eEH[R(Hz_s)_R(t_s>]o<s,xs)||glds ®

< 6P leP(t—e)P
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According to (A1) and (As) and the Holder’s inequality, we have
Py < 67 lep-1 /ti IR(t+1—s) — R(t— 5)|BE o (s, %) | yds

<127 M [ ()00 (5 )ds ©)
< 12P*1MP5P*1®U(1’1)/t mq(s)ds,

t—e

and
t+1
P < 6P—1ZP—1/ IR(t+1—s)||LE | o(s, %s) || Fds
t
t+1
<MY [ o ()00 (/1% ) ds (10)
t
t+1
<6 IMIO (1) [ mo(s)ds.
t

Gathering the above inequalities (5)-(10), we obtain

EJ| (Wox) (£ +1) = (¥22) (1)l < 6P 1eP (¢ — )P

t
+12”’1Mpep’1IE/ u(s)||.ds
t—e

t+1
+671CIRI I MPE [ u(s) s

t—e (11)
+ 6/ Clleet (=€) E [ [lu(s) s

t
+12p*1MPeP*1®0(r1)/t mg(s)ds

—€

+ 6P P IMPO, (1 o d
o l) ] mzr(s) S.

Consequently, the right-hand side of is independent of x € B,(0,BC) and
tends to zero as I — 0 and e sufficiently small. Thus, the set {W,x : x € B,(0,B8C)}
is equicontinuous.

Step 5. ¥, : BC — BC.
Let {x(”)} C B/(0, BC) with x") — xasn — oo in BC. From Axiom (A), it

is easy to see that (x("); — % uniformly for s € (—oo,T] as n — oco. By the
conditions (A7) and (Aj;), we have

o(s,x(Mg) — o(s, %) as n — oo

for each s € [0, t], and since

Ello(s, x(")s) — (s, %(n, )|}y < 2V '@ (r1)ma(s), s € [0, T],
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by the dominated convergence theorem we obtain

p

B0~ (00l = B [ RE-9lets, ) ol % la

H

IN

TP~ 1/ IR(t = s) |BE[lo(s, x) — o (s, %) | yds

IN

MPTH/ Ello(s, xMy) — o(s, &)||Lds.
0
Therefore,
[Wox ™) — Wox||f = sup B|| (Wox™)(t) — (Wx) ()|} — 0as n — oo.
te]

Hence, ¥, is continuous and ¥, is a completely continuous operator.

Step 6. Consider the following set
G={xeBC : 06‘1’1(2) +a¥,(x) =x, forsomea € (0,1)}.

We show that G is bounded in J.
We consider the following nonlinear operator equation

x(t) = a¥x(t), « € (0,1), (12)

where V is already defined. Next, we give a priori estimate for the solution of the
above equation. In fact, let x € BC be a possible solution of x = aWx for some
€ (0,1). This implies that for each t € ], we have

() = aR (1) p(0) + « /: R(t — )C(s)u(s)ds
' (13)
+ cx/ot R(t —s)o(s, xs)ds + oc/ot R(t—s)f(s, xs)dw(s), t € J.
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By (A1) — (As) and , we have for t € J,

t p
Elx(t)f < 4P-11E|R<t><o<o>||ﬁ+4p‘1EH Jy Rt =s)cputs)as|
t P
+4P—1E‘/ R(t —s)o(s, xs)ds
0 H
t 14
+4P1EH/ R(t—s)f(s, xs)dw(s)
0 H
t
< WIMPE|pll+ 47 MPTY Y CIRE [ u(s) s
0
t
+4p71Mpr71/ El|o(s, %)||%ds
0
t
+8P-1C, MP [ | [Elf6.2) - £, 001
2/p p/2
+ 70 ]
< 4 'MP(H|p|g)" + 4P MPTP 1| || ||u?

L(Y)

t
A TIMIT [ Cna(5) 0 (1] s
t
it [
t
+8p71CPMPTP/271/O E||f (s, 0)||F,ds.

We have by Lemma [2.2]that
sup{[| %l : 0<s <t} < 27N (Mrlells)”
+2P1KE sup{||x(s)||]7;1 2 0<s <t}
Now, consider the function defined by
z(t) = 2P 1 (Mr|l@||5)? + 2P 'K} sup{||lx(s)||f; : 0<s<t},0<t<T
For each t € [0, T], we have
2(t) < 2P 1(Mrle|lp)? + 2" KrO
+16P1Cy MPKITP/?Lsz(t)
+8P I MPRETP /O ' 10(5)8y (2(s))ds,

where

0 = 4 MV(H|ols)"

4p—1Mpr—1 C p P

t
+8P-1c, MPTP/21 /0 E| f(s,0)||Lds.
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Since y = 16p’1CpMPK¥TP/2Lf < 1, we obtain

1 _ _
() < g [ (Mrllels)? + 27 Kfe

+ 87 I MPKETP! /: ma(s)®g(z(s))ds} .

Detoting by &(t) the right-hand side of the above inequality, we have
z(t) <&(t), forallt €],

and

1 i _

£(0) = fy[zp H(Mrlles)” +2 7' KL0)]

, 1, _

£ < m8P IMPKETP Mmg (1)Oq (2(1)), t € J.
Therefore, we have

/ 1

&) < m817*1MF’K?THmg(t)@g(é(t)), foreach t € J.

This implies that

&(t) 1 T 1
—— du< | ——8 IMPKETP g (#)dt < oo.
/.»:(0) 0,(w) ™= 1=y T o{t)dt < oo

Then, we deduce from the above inequality that there is a positive constant I" in-
dependent of t such that &(t) < T, t € J. Hence, we have ||x||g <z(t) <& <T,
where I' depends only on M, p, Cp, K1, T and on the function Og(+). Thus, the
set G is bounded on J. Finally, by Lemma we deduce that ¥ has a fixed point
x(-) € BC, which is a mild solution of system (1). The proof is complete.

O

4. EXISTENCE OF STOCHASTIC OPTIMAL CONTROLS

In this section, we investigate the existence of stochastic optimal controls for the
system (I). We consider the Lagrange problem (LP) associated to system (I):

(LP) Find an optimal pair (x*, u") € BC x U, such that
J(x0,u%) < J(x*,u), forallu € Uy,

where
T
T u) =E /0 L(t, x, x" (), u(t))dt,

is the cost function and x* denotes the mild solution of system (1) corresponding
to the control u € U,,.

For the existence of solutions to problem (LP), we make the following assump-
tions.

(L1): The functional L : [ x Bx H x Y — RU {oco} is Borel measurable.

(L2): L(t,-,-,-)is sequentially lower semicontinuous on B x H x Y for almost
allt e J.

(L3): L(t,x,y,-)isconvex onY for each x € B, y € H and almostall t € .
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(L4): There exist constants 31,3, >0, B3 > 0and v € L!(],R) non-negative
such that
L(t,x,y,u) = v(t) + Bal|x]l5 + Ballyllm + Bsllull%-
We have the following result on the existence of optimal controls for problem
(LP).

Theorem 4.1. Assume that (L1)-(L4) and the assumptions of Theoremhold. Suppose
that C be a compact operator. Then, the Lagrange problem (LP) admits at least one
optimal pair on BC x U,,.

Proof. If inf{ 7 (x*,u)|u € Uyy} = 400, there is nothing to prove.
Without loss of generality, assume that inf{.7 (x", u)|u € Uy;} = € < +o00.
By (L1)-(L4), we have

T T T
Ty = [Cvde+ By IOl + 2 [ (0]t

T
+B [ lu®)lfydt = —a> —oo,

where « is a positive constant. Then, € > —a > —oo. Additionally, by using
definition of infimum, there is a minimizing sequence of feasible pair {(x",u")} C
8,4, such that

J (", u") — easn — 400,
where S,; = {(x,u) : x is a mild solution of system (T corresponding to u € U,4}.
Since {u"} is bounded in L%-(J,Y) for {u"} C U4, hence there exists a subse-
quence , relabeled as {u"}, and u° € Lpf(], Y) such that

u" 5 ulin L.(J,Y) as n — oo.
Since U, is closed and convex, by Mazur Lemma, we conclude that u® € Uy,.

Now, we assume that x” are the mild solutions of Eq. corresponding to u"
and x" satisfied the following equation:

() = R(t)(p(O)—|—/OtR(t—s)C(s)u”(s)ds

+/OtR(t —8)o(s, x"s)ds + /OtR(t —8)f(s, x"s)dw(s), t € J.

To simplify, we set 0y, (s) = o(s, x"s), by (A4), we obtain that oy, is a compact oper-
ator from | into H. Therefore, by the compactness of o0y, , there exits a subsequence,
relabeled as {0,,(+)}, and & € H such that

ou(-) »oinHasn — oco.

Next, we consider the following controlled system

Y (t) = [Ax(t)—i—/OtB(t—s)x(s)ds+C(t)u0(t)

+cr(t)] dt + f(t, x;)dw(t) for t € J,u® € Uy, (14)

Xo =@ € B.
Then, by Theorem the above system has a mild solution which is given by
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#t) = R(t)(p(O)—|—/OtR(t—s)C(s)uO(s)ds
—i—/OtR(t—s)?r(s)ds—i—/otR(t—s)f(s, Z)dw(s), teJ.

Now, we show that x" converges to ¥ in BC as n — oo. So, for each t € J,
x"(-), %(-) € BC, we have

E[x" (1) = g < 9p(t) +95(8) + 95 (t),

where
o) = 3" E /tR(t—s)c:(s)[un(s)—uo(s)}ds "
0 H
R() = 3 E /tR(t—s)[an(s)—E(s)]ds "
0 H
t ) p
00 = 3| [R5 ) - fls B)dwls)|
Using Holder’s inequality, we obtain
o) = 3’7_1EH/(:R(t—s)B(s)[u”(s)—uo(s)]ds ;,

t
< 3P*1MPTV*1/ ]EHC(S)[u"(S)—MO(S)]”ﬁdsf
0
and

p

7

() = 3P1E‘
H

/0 R(t —s)[on(s) —T(s)]ds

IN

t
3r-IpmpTr! / E|low(s) — 7(s)||Lds.
0
Since C is a compact operator, we have
t
/ E||C(s)[u"(s) — uo(s)]Hﬁds —0asn — oo,
0

and by Lebesgue’s dominated convergence theorem,

t
/ E| 0 (s) — 5(s)|[luds — 0 as n — co.
JO

Consequently,

OL(t), 93(t) = 0asn — oo.
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On the other hand, by (As) and Holder inequality, we obtain

Bt = 3P—1]EH/OtR(t—s)[f(s,x”S) — f(s, 7)|dw(s)

p

H

IN

716, | [ [IRG =) BN 7 - £(s, 1) "

t
3r-1c,MPTP/21 /O E||f (s, ) = f(s, %)l

IN

t
3”’1CPMPTP/2*1Lf/O |77, — &\ s

IN

6" 1CoKEMPTPLs sup E[¥(s) — &(s) |l
s€[0,T]
= 6/ 1C,KEMPTP/2L; sup E|x"(s) — %(s)|If;
s€[0,T]
since X =x on ]/,
= ol —
where 0 = 6’7’1CPK¥MPT7"/2Lf. Then, we have
E||x"(t) = %llfy < 9,(t) + 95(8) + 0]1x" — %¢.,
this implies that
9(t) + 95 (t)

1-6 7
since the right-hand of the above inequality tends to 0 as n — oo, we deduce that

Ix" — %z <

" — ¥in BC as n — oo.
Moreover, by (Ag) , we have
ou(-) = o(-, %) in BC as n — oo.
By the uniqueness of limit, we obtain
o(t) =0(t %) forallt € J.

Thus, ¥ takes the following form

#t) = R(t)(p(O)—i—/OtR(t—s)C(s)uo(s)ds

+/OtR(t—s)U(s, fs)ds—l—/OtR(t—s)f(s, Z)dw(s), te ],

which is just a mild solution of system (1) corresponding to u°. Since BC —
L'(J, H), using the assumptions (L1)-(L4) and Balder’s theorem (see [3] ), we get
T
e = lmE [ L(txf,x"(t),u"(t))dt
0

n—o0

v

IE/OTL(t, %1, 2(1), 00 (1)t > T (%, u0) > e.

Finally, we conclude that 7 attains its minimum at (%, u%) € BC x U,y. The proof
is complete. ]
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5. EXAMPLE

In this section, we illustrate the obtained theory. We consider the following
stochastic integrodifferential equation with infinite delay of the form:

d
3,7 z(t,p) = [8 5z(t, p) +/ 8 ~—z(s,p ds+/ ,s—t,p,z(s,p))ds
/[0 / (t,p,u(s,t dsdr} dt+/ t)as(s — t)z(s, p)dsdw(t),

te0,T],pel0,m],

z(t,0) =z(t,m) =0, t€][0,T],
z(7,p) = z0(0,p), —00o<T<0, pecl0,7],

(15)
where w(t) denotes a one dimensional standard Wiener process defined on a sto-
chastic space (Q, F,P) and the cost function is given by

J(z,u) IE/ / / t+sp|dsdp+/ tp)’ dp
[0,7]
+/ tp|de]dt

Let H = Y = L2([0, ]) with the norm || - || and define the operator A : D(A) C

H — Hby
82
AU - WU
D(A) = Hj ([0, ]) N H?([0, 7).
Then,
Av = — Z n? (v,en)en, veE D(A),
n=1

where e, (p) = \/g sin(np), n =1,2,... is the orthogonal set of eigenvectors of
A.

It is well known that A is the infinitesimal generator of a strongly continuous
semigroup on H, thus (Ry) is true.
Let B: D(A) C H — H be the operator defined by

B(t)y = a(t)Ay, fort > 0and y € D(A).

The control u belongs, for a constant 11 > 0, to the following set

U,g :{u(-, y) : ] — Y measurable , Fr-adapted stochastic processes

and HMHL?(LY) < n}.

Let us consider r > 0, 1 < g < co and leth : (—oco, —r] — R be a non-negative
measurable function which satisfies the conditions (7 — 5) and (7 — 6) in the ter-
minology of Hino et al. [8].
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Briefly, this means that / is locally integrable and there is a non-negative, locally
bounded function G on (—oo, 0] such that 1(& + 1) < G(&)h(7) forall & < 0 and
T € (—o0,—r) \ N; where Ny C (—o0, —r) is a set whose Lebesgue measure on
zero.

We denote by C, x L9(h, H) the set of all functions

@ : (oo, —r) — Hsuch that ¢|[_, € C([-7,0],H), ¢(-) is Lebesgue measurable
on (—oo, —r) and h||¢||7 is Lebesgue integrable in (—oo, —r). The seminorm is
given by

lols = sup_lo(e)l + ([ rollowmer)”

We notice that Axioms (A)-(C) are satisfied by the space B = C, x L1(h, H).
Moreover when, ¥ = 0 and g = 2, we can take h = 1, M(t) = G(ft)% and

K(t) =1+ (/ih(r)d'r) %, fort > 0.

In addition, we assume that:

(i): The function a; : R* — R is completely continuous and there exists a
continuous function ¢ : R2 — R such that

a1(ts, 0,9 < () 9], (ts,p,) € R,

. . . 0 (a3 (s))2 2
(ii): The functions ay, a3 : R — R are continuous, and d, = ( / n(s) ds> <
)

(iii): The function q : [0, T] % [0, 7] x R — R is continuous and there exists a
continuous function g, : [0, T] x [0, 1] — R such that :
|9(t, p,u)| < ge(t, p)|ul
forall (t,p) € [0,T] x [0, 7] and u € L*([0, T] x [0, r]).

We take ¢ € B = Cy x L?(h,H) with ¢(s)(&) = ¢(s,&). The nonlinear functions
f:00,T]xB —H, o :[0,T] x B — L} are defined by

0

1t 0)e) = [ aa(as(s)(s) (o)
0
olt,)(p) = [ an(t,5,p,9(5)(p))ds.

Forall u € L2([0, T] x [0, 7r]), we define an operator C as follows:

(Cu)(t,p) = /[0 . /()Tq(t,p,u(s,'r))dsdr

Using these definition, we can represent the system in the abstract form :

2(t) = [Az(t) + '/O't B(t — s)z(s, p)ds + (Cu) (¢, p)

+ol(t, d))(p)] dt+ f(t,¢)(p)dw(t) for t > 0, (16)

z(t,0) =z(t,m) =0 t € [0, T],
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with the cost function

zu E/

We suppose that a is a bounded and C! function such that « is bounded and
uniformly continuous, which implies that the operator B(t) satisfies assumption
(Rz). Consequently, we deduce the existence of resolvent operator (R(t));>o for
Eq. @). From (i), we have,

/ 12" t+S)|2dS+IIu()I%ﬁllzl‘(t)IIZ]dt

Ello(t, )7 — (

<E ( ( clt,5)8 <s><x>|ds)2dxﬂp
<E ( ds)%( /Omh<s>||¢<s>||2ds)%r

%' P
<ot [w M ([l )
<)ol

0 (@), \ ]
for all (¢, ¢) € [0, T] x B, where ¢1(t) = / st .
+o0 1 i
By (ii), when we take again O, (s) =, /1 mds = 00, we obtain

Elf(t®) - f(t,¢)|F =E

(/ ‘/ [d(5)(x) — P1(s)(x)]ds
<&zl [ ([ s 10512 —¢1<s><x>|ds)2dxﬂp
<ol [ (aZg%de)% ([ rlee - ¢1<s>|2ds)%r
<L 1001+ ([ 1©lo) - dr(s)1%4s) %] ,,

< Lellp — ¢l

2 7P
dx)]

1
e , 0 (a3(s)?, \?
forall (t,¢), (t, ¢1) € [0, T] x B, where L = [||az|oodc]? withd. = / ) ds | .
—0o0
Therefore, the assumptions (A1) — (Ajs) are satisfied. By assumption (iii), it is
obvious that (Cu)(t, p) is measurable in [0, t] x [0, 7]. For u € L*([0, T] x [0, ])
we have
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/[0,71] /OT| (Cu)it x) |2dtdx N /[0,7r] /OT ’/[O,n] /OT 9(t x,u(s, 7))dsd

< /[o,n] /OT {/{0/7{] /OT |ge(t, x) |*dsdt /[o,n] /OT (s, T)|2deT] dtdx
< (Mg, nT)? /[0 . /OT lu(s, 7)|*dsdt

where M,, = max |¢(t, x)|. This implies that the operator C : L?([0, T] x
(t,x)€[0,T] x [0,7]

[0, 7]) — Lz([O, T] x [0, 7t]), and

2
dtdx

1Cullt2(0,1) % [0,]) < Mg T (1]l L2(10,7) % 0,])-

Hence, we conclude that for all u € L*([0, T] x [0, 7r]), C is a compact operator
in L2(]0, T] x L?(]0, 7r])). Additionally, all conditions of Theorem {4.1{ hold, thus
system has at least one optimal pair.
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