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DIOP

ABSTRACT

This paper is devoted to the existence and asymptotic behavior in p-th moment
of the mild solution to a class of impulsive neutral stochastic functional integro-
differential equations with infinite delay in Hilbert spaces. A new and sufficient set
of conditions are formulated concerning the existence of solutions and the stability
of the nonlinear stochastic system. To obtain the desired result, the theory of the
resolvent operator in the sense of Grimmer, the stochastic analysis theory, the fixed
point theorem and the Hausdorff measure of non-compactness are used. However, it
is very important to specify that in this paper, we have left the classical framework
in which the nonlinear terms are assumed to be Lipschitz continuous. At the end of
this paper, an illustration is also given to show the application of our results.

1. INTRODUCTION

Stochastic differential equations have attracted great interest because of their
applications in characterizing many problems in physics, mecanics, electrical en-
gineering, biology, ecology and so on. On this matter, we refer the reader to
[19, 20}, 23] and references therein. In particular, integro-differential equations arise
in the mathematical modeling of several natural phenomena and various investi-
gations led to the exploration of their different aspects. The theory of semigroups
of bounded linear operators is closely related to the solution of differential and
integro-differential equations in Banach spaces. In recent years, this theory has
been applied to a large class of nonlinear differential equations in Banach spaces.
The existence, uniqueness, stability, invariant measures and other quantitative and
qualitative properties of solutions to stochastic partial integrodifferential equations
have been extensively considered by many authors see [19, 23] for details. Based on
the method of semigroups, the existence and uniqueness of mild, strong and classical
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solutions of semilinear integro-differential evolution equations were discussed by
Ezzinbi et al. [6] in the deterministic case and Diop et al. [5] in the stochastic case.

In addition to stochastic effects, impulsive effects have become more important
in some mathematical models of real phenomena. The perturbations are performed
discretely and their duration is negligible in comparison with the total duration of the
processes. That is why the perturbations are considered to take place instantaneously
in the form of impulses. The theory of impulsive differential and integro-differential
equations have seen considerable development, see [I5], [30]. With regard to this
topic, see the monographs of Lakshmikanthan and al. [I5], Hale and Lunel [I3]. On
the other hand, there has been intense interest in the study of impulsive neutral
stochastic partial integro-differential equations with resolvent operator in the sense
of Grimmer. Moreover, it is very important to note that, compared to the finite
delay, the problems with infinite delay is clearly more complicated, because the
properties of solutions depend on the choice of the phase space B which is proposed
by Hale and Kato [I1]. For the fundamental theory related to functional differential
equations with infinite delay, one can see [14].

In recent years, the existence of solution for partial neutral integro-differential
equation with infinite delay in infinite dimensional spaces has been extensively
studied by many authors. Ezzinbi and al. [7] investigated the existence and
regularity of solutions for some partial functional integrodifferential equations in
Banach spaces. More recently, Cui and Yan [4] investigated the existence of mild
solutions for a class of fractional neutral stochastic integro-differential equations
with infinite delay in Hilbert spaces.

In particular, the stability theory of stochastic differential equations has been
popularly applied in variety fields of science and technology. Several authors have
established the stability results of mild solutions for these equations by using various
techniques. Govindan [§] considered the existence and stability for mild solution
of stochastic partial differential equations by applying the comparison theorem.
Caraballo and Liu [3] proved the exponential stability for mild solution to stochas-
tic partial differential equations with delays by utilizing the well-known Gronwall
inequality. The exponential stability of the mild solutions for semilinear stochastic
delay evolution equations have been discussed by using Lyapunov functionals in [I7].
The author in [I6] considered the exponential stability for stochastic partial func-
tional differential equations by means of the Razuminkhin-type theorem. Taniguchi
[6] discussed the exponential stability for stochastic delay differential equations by
the energy inequality. Using fixed point approach, Luo [I8] studied the asymptotic
stability of mild solutions of stochastic partial differential equations with infinite
delays. Further, Sakthivel et al.[27) 28] [29] established the asymptotic stability
and exponential stability of second-order stochastic evolution equations in Hilbert
spaces.

But it seem that little is known about asymptotic behavior of impulsive partial
stochastic functional neutral integro-differential equations with infinite delay, and
the aim of this paper is to fill this gap.

Motivated by the above works, the purpose of this paper is to study the existence
and asymptotic stability of mild solutions for a class of impulsive neutral partial
stochastic functional integro-differential equations with infinite delay in Hilbert
spaces of the form
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dla(t) — g(t, x(t — pr(1)))] = [A[fv(t) —g(t,z(t = p1(t)))]

+ | Bl = 9)las) ~ gls,2(s — 1) s

e (1= a0, [ st = putsyas ) [ (1)

+f (t,x(t - p4(t))7/0 b(t, s, (s — p5(s)))ds> dw(t), t>0,t#tg,
I

where the state x(-) takes values in a separable real Hilbert space H with inner
product {-,-)gr; and norm || - || 7. The operator A : D(A) — H is the infinitesimal
generator of a strongly continuous semigroup on H, and B(t — s) is a closed linear
operator with domain at least D(A). Let K be another separable Hilbert space with
inner product (-,-)x and norm || - || x. Suppose {w(t), t > 0} is a given K-valued
Wiener process with a covariance operator > 0 defined on a complete probability
space (€2, F,P) equipped with a normal filtration {F;}:>0, which is generated by
the Wiener process w, and g : [0,400) x H = H; a,b: [0,400) x [0,+00) x H — H;
f:[0,400) x Hx H— L(K, H), are all Borel measurable, where L(K; H) denotes
the space of all bounded linear operators from K into H; I, : H — H (k=1,--- ,m),
is a given function. Moreover, ti, k € 1, m are fixed moments of time and satisfy
0<t; < - <ty <limg_yooty = 00, x(tz) and x(t, ) represent the right and
left limits of x(t) at t = tx, respectively, Az(t) = z(t}) — x(t; ), represents the
jump in the state x at time ¢y with I, Ji determining the size of the jump; let
pi(t) € C(R4,Ry) satisfy t — p;(t) = oo as t — oo, and M (0) = max{inf;>o(s —
pi(s)), 1 =1,2,3,4,5}. Here Bz, ([m(0), 0], H) denote the family of all almost surely

bounded, Fp-measurable, continuous random variables ¢(¢) : [(0),0] — H with
norm |[o[|g = sup,0)<i<o Ello(t)||a-

To the best of the authors knowledge, there is no result about the existence
and asymptotic stability of mild solutions for this class of impulsive neutral par-
tial stochastic functional integrodifferential equations with infinite delay, which is
expressed in the form . Using mainly the theory of resolvent operator in the
sense of Grimmer, the Holder’s inequality, stochastic analysis, the Darbo fixed point
theorem combined with techniques of the Hausdorff measure of noncompactness, we
get the existence and asymptotic stability of mild solutions for system .

It is also very important to clarify that the most common and easily verified
conditions to guarantee the existence and stability of mild solutions are the impulsive
stochastic systems for which the nonlinear function is a Lipschitz function, but in
this paper, we will not suppose these classical Lipschitz conditions. In fact, we
assume that the nonlinear items f, h are continuous functions while the neutral item
g satisfies the generally Lipschitz continuity condition, and some suitable conditions
on the above-defined functions, which can make the solution operator satisfies all
conditions of the Darbo fixed point theorem.



EJMAA-2019/7(1) ON THE ASYMPTOTIQUE BEHAVIOR 179

The rest of this paper is organized as follows. In Section 2, we introduce some
notations and the theory of the resolvent operator in the sense of Grimmer which
will be used to establish the existence of our mild solution. In Section 3, we give
the main results of this paper. In Section 4, an illustration is given to show the
application of the obtained theory.

2. PRELIMINARIES

Let K and H be two real separable Hilbert spaces with inner products (-, )
and (-,-yy and || - |k and || - || g, their vector norms respectively.

Let (,F,P,F) (F = {Fi:}1>0) be a complete probability space satisfying that
Fo contains all P-null sets. Let {e;}5°, be a complete orthonormal basis of K.
Suppose that {w(t) : t > 0} is a cylindrical K-valued Brownian motion with a trace

o0

class operator @, denote Tr(Q) = > A; = A < oo, which satisfies that Qe; = A;e;.
i=1

&)
So, actually, w(t) = > vV Aw;(t)e;, where {w;(t)}2; are mutually independent

one-dimensional stan(farlci Brownian motions. Then, the above K-valued stochastic
process w(t) is called a Q-Wiener process. Let L(K, H) be the space of bounded
linear operators mapping K into H equipped with the usual norm | - ||z and
L(H) denotes the Hilbert space of bounded linear operators from H to H. For
Y € L(K, H) we define

191175 = Tr(Qd) anwemz

If ||7,/~1||2Lg < 00 then 1) is called a Q-Hilbert-Schmidt operator, and let L(K, H)

denote the space of all Q-Hilber-Schmidt operators ¢ : K — H.

Let Y be the space of all Fp-adapted process ¥ (¢, w) : [m(0),00) x @ — R which
is almost certainly continuous in ¢ for fixed @ € 2. Moreover (s;w) = ¢(s) for
s € [m(0),0] and E||(¢,w)|5; — 0 as t — oco.

Also Y is a Banach space when it is equipped with a norm defined by

[913 = sup E[l9(t)[|%-
t>0

The notation B, (x, H) stands for the closed ball with center at « and radius
r>0in H.

3. PARTIAL INTEGRODIFFERENTIAL EQUATION IN BANACH SPACE

Now for the question of existence of mild solutions of the integrodifferential
equation , we recall some needed fundamental results. Regarding the theory of
resolvent operator, we refer the reader to [9]. Let Y be the Banach space D(A)
equipped with the graph norm defined by |ly|ly = [|T(0)y| + |lyl| for y €Y,
(where || - || is the norm on H). The notation C(R,Y) stands for the space of all
continuous functions from Ry into Y. We consider the following Cauchy problem:

{v'(t) )+f0 (t —s)v(s)ds for t > 0, @)
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The process {v(t), t > 0} satisfying the above equation takes values in the space
H.

The notation C([0,+00),Y) stands for the space of all continuous function from
[0, 4+00) into Y.

Definition 3.1. [9] A resolvent operator of is a bounded linear operator valued
function R(t) € L(H) for t > 0, satisfying the following properties:
(1) R(0) =1 and ||R(t)||zczry < MeP* for some constants M and 3,

(2) for each x € H, R(t)x is strongly continuous for t > 0,
(3) R(t) € L(Y) fort>0. Forz €Y, R(:)xr € CY(R., H)NC(R,,Y).

R'(t)r = AR(t)z + /t B(t — r)R(s)xds
0

R (t)x = R(t)Ax + /t R(t —r)B(s)zds, t>0.
0

For additional details on resolvent operators, we refer the reader to [9, [10]. The
resolvent operator plays an important role to study the existence of solutions and
to etablish a variation of constants for non-linear systems. For this reason, we need
to know when the linear system possesses a resolvent operator. Theorem
below provides a satisfactory answer to this problem. In what follows we suppose
the following assumptions:

(A1) The operator A generates a Cop-semigroup (1'(t));>0 on H.

(A2) For all t > 0, B(t) is closed linear operator from D(A) to H and B(t) €
L(Y, H). For any y € H, the map ¢ — B(t)y is bounded, differentiable and
the derivative ¢t — B(t)y is bounded uniformly continuous on R . Moreover,
there is an integrable function p : J — R4 such that for each z € H, the map

t — B(t)= belongs to W(J, H) and H% <ul)|zll, z€ H, t e J.

Theorem 3.1. [9] Assume that (A1)-(A2) hold. Then there exists a unique resolvent
operator to the Cauchy problem .

In the following, we give some results for the existence of solutions for the following
integro-differential equation.

{v/(t) = Av(t) + fg B(t — s)v(s)ds + q(t) for t > 0, 3)

(O):Uo € H.

where ¢ : [0, +oo[— H is continuous function.

Definition 3.2. [9] A continuous function v : [0, +oo[— H is said to be a strict
solution of the Eq. if
(1) v e ([0, +oo[, H) NC([0, +oo], Y),

(2) v satisfies Eq. fort > 0.

The next theorem provides sufficient conditions ensuring the regularity of solutions

of the Eq. .
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Theorem 3.2. [9] Assume that hypotheses (Al) and (A2) hold. If v is a strict
solution of the Eq., then the variation of constant formula holds

t
v(t) = R(t)vg +/ R(t — s)q(s)ds, fort>0. (4)
0
Accordingly, we can establish the following definition.

Theorem 3.3. [9] Let g € C*([0,400),H) and v be defined by [{4)). If vy € D(A),
then v is a strict solution of the Eq..

Now we will derive the appropriate definition of mild solutions of .

Definition 3.3. [9] A function v: [0,400) — H is called mild solution of the Eq.
, forvg € H, if v satisfies the variation of constants formula .

Accordingly, we can establish the following definition of the equation .

Definition 3.4. A stochastic process {z(t), t € [0,T]} (0 < T < o0) is called a
mild solution of system if
(i) =(t) is adapted to Fi,t > 0.
(ii) z(t) € H has cddlag paths on t € [0,T] a.s and for each t € [0,T], x(t)
satisﬁes the integral equation

z(t) =R(t)[p — 9(0,0(—p1(0)))] + g(t, z(t — p1(1)))

/Rt—s (sxs—pg /OaSTxT—p3( ))dT)ds

+/R(t—s)f(sxs—p4 /ObSTl'T—pg( ))d7>dw(s) (5)
+ > R(t— o) In((ty)),

0<tp<t
and

zo(-) = ¢ € Br,([m(0),0], H).

Definition 3.5. Let p > 2 be an integer. Eq. is said to be stable in p-th moment
if for arbitrarily given € > 0, there exists a 6 > 0 such that ||p||g < § guarantees that

B sup (0| <<
>0

Definition 3.6. Let p > 2 be an integer. Eq. is said to be asymptotically stable
in p-th moment if it stable in p-th moment and for any ¢ € Bx,([m(0),0], H),

lim E |sup ||z(t p}:O.
Jin B fsup (o)

Now, we introduce the Hausdorff measure of noncompactness X5 defined by

Definition 3.7. The Hausdorff measure of non-compactness of a nonempty and
bounded subset I' of Y, denoted by x(I"), is the infimum of all numbers e > 0 such
that T’ has a finite e-net in Y, i.e.,

Xy (L) =inf{e >0; T CS+ely, SC Y, S is finite }.
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for bounded set T' in any Hilbert space Y. Some basic properties of X5 (+) are
given in the following lemma.

Lemma 3.4. ([2]) Let Y be a real Hilbert space and T, C C Y be bounded, the
following properties are satisfied:
(1) T is pre-compact if and only if x3(I') = 0;
(2) x5(T) = X;(T) = X5 (convl), where T and convl are the closure and the
convex hull of T' respectively;
(3) x5 (') < x5(C) when I' C C;
4) x3(T+C) <xg (D) + x5(C) where '+ C={z+y:z €T, ye Ck
(5) x5 ([T'UC) = max{xy (), x5:(C)};
(6) X2 (\T) < x5 (T) for any A € B;
(7) If the map D(®) CY — Z is Lipschitz continuous with constant , then
xz(®T) < kx5:(L) for any bounded subset I' C D(®), where Z is a Banach
space;

Definition 3.8. [26] The map ® : V C Y — Y is said to be a X5 -contraction if
there exists a positive constant & < 1 such that x5:(®(I")) < kx5(I) for any bounded
close subset I' C'V where Y is a Banach space.

In this paper we denote by x¢ the Hausdorf’s measure of noncompactness of
C([0,b], H) and by xy, the Hausdorfl’s measure of noncompactness of Y.

Lemma 3.5. [23] For any p > 1 and for arbitrary LY(K, H)-valued predictable
process ¢(-), we have the followmg inequality

¢(v)dw(v)|| < (p(2p—1))° t(]EIIQS( Iz )d ' t € [0,00).
X (f meconigres)

In the rest of this paper, we denote by C), = (p(p — 1)/2)P/2,

Lemma 3.6. ([1] Darbo) If V. CY is closed and convex and 0 € V, the continuous
map ® : V =V is a xy-contraction, if the set {x € V : x = APz} is bounded for
0 < A< 1, then the map ® has at least one fized point in V.

sup E
s€[o,t]

4. MAIN RESULTS

In this section we present our main results on the existence and asymptotic
stability in the p-th moment of mild solutions of system . To do this, we make
the following hypotheses:

(H1) A is the infinitesimal generator of a strongly continuous semigroup {7'(¢) : t >
0} on H. We will also suppose that the resolvent operator R(t), ¢ > 0 of
is compact and there exists M > 0, 8 > 0 such that ||R(t)|| sz < Me™"*
that is R is exponentially stable.

(H2) The function g : [0,00) x H — H is continuous and there exists Ly > 0 such
that

EHg(t,wl) - g(tan)HiI < Lg||1/’1 - 1/)2”1;_1, t> 05 77/11, QZ}Q € H7

and
Ellg(t, o) < LeEl[¢[ly, t>0, e H
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with MPL, < 1.

(H3) There exists a continuous function my : [0,00) — [0, 00) such that

t
/ a(t, s, v)ds
0

for a.e. t > 0 and all ¢ € H, where O, : [0,00) — (0, 00) is a continuous
and nondecreasing function.
(H4) The function h : [0,00) X H x H — H satisfies the following conditions:
(i) The function h : [0,00) x H x H — H is continuous.
(if) There exists a continuous function my, : [0, 00) — [0, 00) and a continu-
ous nondecreasing function Oy, : [0,00) — (0, 00) such that

p

x|

< mq ()04 (E|[¥|%)

H

El[at, ¢, ) < ma(O)On(ElY[IE) + Ellzlf, ¢=0, ¢,z € H.

(iii) The set {R(t — s)h (s, w,fo s, 7,)dr) : t,5€[0,b], ¥ € B.(0,H)}
is relatively compact in H.
(H5) There exists a function continuous function my : [0,00) — [0, 00) such that

t
/ b(t, s, )ds
0

for a.e. t > 0 and all ¥ € H, where Oy : [0,00) — (0,00) is a continuous
and nondecreasing function.
(H6) The function f : [0,00) x H x H — L(K, H) satisfies the following conditions:
(i) The function f :[0,00) x H x H — L(K, H) is continuous.
(ii) There exists a continuous function my : [0, 00) — [0, 00) and a continu-
ous nondecreasing function Oy : [0,00) — (0, c0) such that

p

< my(t)O(E|¢[)

“
H

Bl f(t ¢, )l < my ()0 Bl ¢lE) +Elllf, t>0, ¢,z € H.

(iii) The set {R(t — s)f (s w,fo s, 7,)dr) : t,s€[0,b], ¥ € B.(0,H)}
is relatively compact in H.

(H7) The functions I, Jy : H — H are completely continuous and that
there are constants d,ij), kel,m, j=1,2,3,4 such that E||I;(z)|%, <
d,i”EH;vH?I + dl(f), for every x € H.

In the proof of the main results, we need the following lemmas.

Lemma 4.1. Assume that conditions (H1), (H2) hold. Let ®; be the operator
defined by: for each x € Y,

(@12)(1) = g(t, z(t = p1(1))). (6)
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Then @1 is continuous on [0,00) in p-th mean and maps Y into itself.

Proof. The continuity in p-th moment of ®; on [0, c0) follows from (H2).
Next we show that ®;(Y) C Y. By (H1) and (H2), from the equation (6]), we
have for t € [m(0), c0),

El[(®12) (@)l < Ellg(t, 2t — pr ()%
< Lot — pr () 1%

That is to say E||(®12)(t)||}; — 0 as t — co. So we conclude that ®;(Y) C Y. e

Lemma 4.2. Assume that conditions (H1), (H3), (H4)(i) — (i%) hold. Let ®5 be
the operator defined by: for each x €Y,

@)= [ R(— s)h (5.2 = ol [ atovraatr = patrir ) s (1)

Then ®o is continuous and maps Y into itself.

Proof. We first prove that ® is continuous in p-th moment on [0, 00). Let z € Y, > 0
and |¢| be sufficiently small, we have

E[|(@22)(E + &) — (P22) (D)1

<28 | R+ € 5)~ R (55— pto). [ ato.7.0(5 — putr)ar ) s H
#2718 | [ R €= n (sn6s - pato), [ ato s = ptrir ) H

<o |[ im0 - riE— o (s0ts = pato). [ atesmatr = pa(ryr) HH dsr
e rotarre | [ et i (e pton. [ atsmnte = oy HHdsr

p

d
H

< op—1

/;HR(Ha—s)—R(E—s)HfQ/(Z;r)l)dsr_l/o{EHh <5,x(s_pQ(S)),/OSa(s,T,x(T—pg(T)))dT>

i+e ; p=l
+op=1pp / e~ (@B/p=1)(t+E—s5) 44
t

p

ds —0as & — 0.
H

<[ MEHh (0t = pato). [ atosmatr = pa(ryr )

Thus ®; is continuous in p-th moment on [0, 00).
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Next we show that ®3(Y) C Y. By (H1), (H3) and (H4)(i) — (i7), from the
equation (7)), we have for ¢ € [(0), c0),

E[(®2)(8) I

<E Uot Rt — s)h (s,x(s = o)), /0 a(s, 7 (r p3(7‘)))d7’> ds]p
< MPE Uote/ﬂ”) dsr

< MP Uot e_ﬂ(t_s)ds} " /Ot e PR Hh (s,x(s — pa(s)), /0 a(s, 7, z(r — pg(T)))dT)

’ H

‘ H

(5.0t pato)). [ atoriatr = ey

p
ds
H

< M / =P [y (5)O(E |2 (s — pa(s)) %) + ma(5)Oa(Ella(s — ps(s))[[%)]ds

= Kz/o e P [y (5)04 (Blla(s — p2(s)) %) + ma(s)Ou(Ellz(s — p3(s))[%)]ds.

However, for any any € > 0 there exists a 71 > 0 such that E||z(s — p2(s)) |5 < e
and Eljz(s — p3(s))||%, < e for ¢ > 7. Thus, we obtain

E[[(®22) (1)} < Kz/o e PO i (5)On (Bl a(s — p2(5)) [77) + ma(s)Oa(Ellx(s — p3(s)|)])ds

< K, / " eI iy ()0 (Bl (s — pa(s)) %) + ma(s)Ou(Ellas — pa(s))IIZ)lds

* K2/~ =P [y, ()0 (El|(s — pa(s)) 1) + ma(s)Oa(Ellz(s — ps(s))|[%)]ds

= K™ /oTl e [mn(5)On(Ellz(s — p2(s)) ) + ma(5)Oa(Ellz(s — p3(s))[I77)]ds

Ky [ e (901(0) + ma(5)04 6l

71

= K™ /071 e [mn(s)On(Ellz(s — p2(5)) ) + ma(5)Oa(Ellz(s — ps(s))[I77)]ds

+ KZLh,a[@h(f‘:) + @a(g)L

where Ly o = sup;> f;l e B9 [my, (8) + ma(s)]ds. As e Pt — 0 as t — oo and,
there exists 7o > 71 such that for any ¢ > 75 we have

Kpe Pt / 7 [ (5)On(El2(s—p2 () )+ (5) O (Bl (s—p5(5)) )]s < e= KoL a[On(e) +O4(e)].

From the above inequality, for any ¢ > 7>, we obtain E||(®2x)(¢)||%; < e. That is
to say E||(®22)(t)||5 — 0 as t — co. So we conclude that ®5(Y) C Y. o
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Lemma 4.3. Assume that conditions (H1), (H5), (H6)(i) — (i¢) hold. Let ®3 be
the operator defined by: for each x €Y,

@ar)) = [ =07 (5.5 = pls). [ oosa(r = pu(r)r ) duts). 9

Then ®3 is continuous and maps Y into itself.

Proof. We first prove that ®3 is continuous in p-th moment on [0,00). Let z €
Y, £ > 0 and [¢| be sufficiently small, we have

E[|(®sz)(f+€) — (Ls2) (D)}

< 1R /Of[R(f—l- E—s)—R(t—s)f (s,x(s — pa(s)), /OS b(s, T, x(T — p5(7'))d7') dw(s) '
/ H
+2r IR /;+€ RE+¢—s)f (s,x(s — pa(s)), /OS b(s, T, x(T — p5(7)))d7> dw(s) !
H
<rig | { (e H[R(f+ = 5) = R(E = 9f (505 = pa(o), [ bs. (s = gt Z)z/p ds] "

+271C, [/{HE (E[|RE+E—s) xf (S,x(s - P4(8))7/OS b(s, 7, x(T — Ps(7)))d7> 1;>2/p ds] " 0

as & — 0

Thus ®3 is continuous in p-th moment on [0, c0).
Next we show that ®3(Y) C Y. By (H1),(H5) and (H6)(¢) — (i7), from the equation
(8), we have for ¢ € [m(0), c0),

El[(®32)(t) I
p/2
<c,

P\ 2/p

) ds}
H
P\ 2/p

> ds]
H

< CpM” /0 {67;;5@75) [my(s)0 (Ellz(s — pa(s))lfr) + mu(s)Op(Ell2(s — P5(s))||§{)}]2/p ds}

/Ot (E HR(t —s)f (s,x(s = pa(s)), /0 b(s, 7, x(r — p5(7)))d7)

p/2

<car| / t (20 | (ssats = pato. [ otsvr.atr = patrpar )

p/2

ropt 2p—1 . p/2-1 ¢
< G MY / A S)d‘s} / e P8 11 ()0 1 (Ell(s — pa($)) ) + ()04 (Ellx(s — ps ()1

r - 1-p/2 ,t
= Gl wyfpﬂ / P m ()0 (Ell(s — pa(s)) ) + mu ()0 (Ellz(s — ps () I15)]ds
L 0

= Ks /0 e P9 my(5)0 (Elle(s — pa(s)) 1) + mu(s)O(Ell(s — ps(s)) I %)]ds.
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However, for any any € > 0 there exists a 6; > 0 such that E|jz(s — pa(s))||% < ¢

and E||z(s — p5(s))||%; < & for t > ;. Thus, we obtain

El|(@s) ()%, < K / e PP m ()01 (El|a(s — pa(s))|%) + mu(s) Oy (El|(s — ps(s))|[%)]ds

§1
< K / ¢ [m(5)0 1 (Ellz(s — pa(s)) %)
o (8)Op(Ell2(5 — ps(s) |25 + KsLpp[O1 () + 04()]

where Ly, = sup;> fe e PU=)[ms(s) + my(s)]ds. As e™P' — 0 as t — oo and
there exists 92 > 91 such that for any ¢ > 02 we have

Ko™ / 5 (5)0 1 (Bl (5—pa ()12 -+ ()O3 (Bll (5 ps () |2 )]ds < e~ K5 Ly [05()+04 ()]

From the above inequality, for any ¢ > ,, we obtain E||(®3z)(t)|/%, < . That is to
say E[|(®sz)(t)||%; — 0 as t — co. So we conclude that ®5(Y) C Y. o

Now, we are ready to present our main result.

Theorem 4.4. Assume the conditions (H1) — (H7) hold. Let p > 2 be an integer.
Then the impulsive stochastic differential equations is asymptotically stable in

p-th moment, provided that (14m)P~1MP Zzn:l(d,(cl) + d,(f’)) <1, and

o 1
/1 s+ Op(s) + Ou(s) + Of(s) + Op(s)

ds = oo.

Proof. Let the nonlinear operator ¥ : Y — Y be defined as (Vz)(t) = ¢(t) for
t € [1(0),0] and for t > 0,

(Wz)(t) ) = 9(0,(=p1(0)))] + g(t, (¢ — p1(t)))

/Rt—s (s z(s — pa(s)), / a(s,T,x(T—pg(T)))dT> ds

¥ / Rt = 9)f (s.a(s = pr(s). [ lsvra(r = par)har ) dute)

+ > R(t—te)I(x(ty)).

0<tp<t

Using (H1) — (H7), and the proof of the Lemmas it is clear that the
nonlinear operator W is well defined and continuous. Moreover, for each t > 0 we
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have

E||(Wa) ()| < 5" ER(®)[¢ — 9(0, o(=pr(0)]IIE; + 5 Ellg(t, 2(t — pr ()%

+5°7E /Ot R(t — s)h (s, z(s — p2(s)), /OS a(s, T, z(r — PS(T)))dT) ds

p

H
P

+58| [ Re =07 (ssts = puto), [ atsmat - p5<r>>>dr) du(s)

p

H

+5P71R Z R(t — ty) 1 (x(t},))
0<trp<t

H
(9)
Using (H1) and (H2),we have

57 EI|R(6)[6 — 9(0. 0(~pr (0)lfy < 107~ MPe PP (B[], + LoEllo(~pr (0)][3] — 0 as t = oo.

By (H1)-(H7) and the proof of the Lemmas again, we obtain

5 1E lg(s, (s — p1(s)) |5 — 0 as t — ox,

5”11[43‘ /0 R(t—s)h (s,x(s — pg(s)),/o a(s,r,z(T — pg(T)))dT) ds . —0ast— oo,
5”_11[*]’ /0 R(t—s)f (s, x(s — p4(s)),/0 a(s, 7, x(T — p5(7')))d7'> dw(s) . — 0 ast — oo,
and

5| Y R -t L) <5 Y EIRE - t) L@

0<typ<t H 0<ty <t

< BPTIMPemPPYR|| I (2 () |15 — 0 as t — oo

so ¥ maps Y into itself.

Next we prove that the operator ¥ has a fixed point, which is a mild solution of
the problem . We shall employ Lemma For better readability, we break the
proof into a sequence of steps.

Step 1. For 0 < A < 1, set {z € Y : x = AUz} is bounded.
Let x € Y be a possible solution of x = AW¥(x) for some 0 < A\ < 1. Then, by
(H1)-(HT), we have for each t € [0,T]
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Ellz(t)|f < 5" E[R®)[6 — 9(0, o(=p1 (O + 57" E [lg(t, (t — pr (1))l

+ 5P IR /0 R(t — s)h <s,x(s — p2(9)), /05 a(s, T, x(T — p3(7’)))d7’> ds .
+57'E /0 R(t—s)f (&m(s — pa(9)), /OS a(s,r,z(T — p5(7)))d7> dw(s) .
+5E | Y R(E— ) Ie(x(ty)

0<tp<t -

<107 e PPMP[E]| ¢l + LoEllp(—pr(0) %] + 57 Ellg(s, 2(s — p1(s))) I

+ 52~ MPR Uot e Alt=9) ‘h <s,x(s —pa(s), | a(s,7,z(r — pS(T)))dT> HH ds]p

p 12/p]P/?
N

S

0

+5r71C,

/ot [e_pﬁ(t_s)E Hf (s, z(s — pa(s)), /Os a(s, 7, a(r — p5(7-)))d7->

+ (5m)P T MP Y e PR (2 (t) I
k=1
< 1071 e PP MPIE]| ]G, + LoBlle(—pa (0)I3] + 57~ LBl (t — p1 (1)) %

o / & PP 1, ()0 (Ell2(s — pa(5) %) + 1m0 (5)Ou(Ellx(s — pa(s))5)]ds

+ 571, PP/ / &P [m ()0 (Ellx(s — pa(5)) %) + ()04 (Ell(s — ps (5))I1%)]ds

o+ Gm)Mr Y e A B () I + d)).
k=1

By the definition of Y, it follows that

Ellx(s — pi(s)lf < 27 gl + 2071 sup [la(s)|f, i =1,2,3,4,5.

se|0,t

If p(t) = 2P|l + 2P~ 1 Sl[lop] lz(s)]|%;, we obtain that
se|0,t

p(t) < 207 il + 207~ e P MPE| | + LBl @(—p1(0) 5] + 107 Lyp(t)
t t
+ 10p_1Mpr_1e_ﬂpt/ e‘ﬁpt/ PP [my (5)On (1u(s)) + ma(s)Oq (1u(s)))ds
0 0

t
#1077 1C,MPT e [ ()0 () + ()1l )] ds
0
+ (10m)P~ L MPe=FPt Z e~ Prt Z efrte [d,(;)u(t) + d,(cz)].
k=1 k=1

~ m
Since L = (14m)P~1MP > (d,(;)) +10P71L, < 1, we obtain
k=1
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ru(t) < —— [Aﬂ 107 M / €7 mi ()0 (1(5)) + ma(5)Ou (1(s))]ds

10710 PP/ / €74 (5)0 £ (1(5)) + ()@ (1a(5))ds |

where
M = 2P"Y|g|[ + 207" MP[E||¢|% + LoEllp(—p1(0)) %]
m
+(10m)P My dP)
k=1

Denoting by ((t) the right-hand side of the above inequality, we have

ePPlu(t) < ¢(t) for all t € [0, T,
and ¢(0) = =M,
¢ (1) = —= (147 NPT i (5)On(1(5)) + 1 (5)Ou ()]

4P, MPTP/ 2 ePP [ 4 (5)0 £ (u(s)) + mb(s)@b(u(S))]]

< [147 7 MPTP  (s)On (e P(0) + 1 (5)Oa(e (1)

+14p—1cpMpr/2—1eBpt[mf(s)(af(e_ﬁptg(t)) + mb<8)®b(e_ﬁpt<(t>)]} .

IF €(t) = e~ P7C(t), then €(0) = ¢(0) < (1), and
C(0) £ = (1477 MPTP e ()8 (E(8)) + ma(5)Ou(E(0)

14271, MPTP 2Bt  (5)0 4 (£(2)) + mb<5)®b(€<t))]} ;

and we have
(1) = (-89l () + ()
< (SBp)E(0) + T3 1P P TP o (5)@n E(0)) + 1 (5)Ou(E(0)]
PO, i (5)€(0)) + i (5) 006 (1)
< m* ([E(E) + Ou(E(D) + OulE(t) + O5(€() + Ou(E(r))],

where

1 1
m*(t) = max {(5;0), - E14P*1MPTP*1mh(t), - E14p’1Mpr’1ma(t),

1 1
_ 14710, MPTP 2~ Y (8), _
1-1 D mf( ) 1-1

This implies for each ¢ € [0,T] that

14”‘1CpM”TP_1mb(t)} .
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£(t) du T
/ < / m*(s)ds < oo.
€0) Ut On(u) +64(u) +Op(u) +Op(u) ~ Jo

This inequality shows that there is a constant K such that £(t) < K, t € [0,T],
and hence ||z} < p(t) < K, where K depends only on p, 8, M, T and on the
functions mp(-), ©a(-), m¢ (), ©p(-). This indicates that () are bounded on [0, T7.
Step 2. ¥ :Y — Y is continuous.
Let {x,(t)}22, CY with z, — z (n — 00) in Y. Then there is a number r > 0
such that E|jz,(¢)||%; <r for all n and a.e. t € [0,T], so z, € Br(0,Y)={z €Y :
llz|l5 <7} and z € Br(0,Y). By the assumptions (H3)-(H7), we have

B | (005 = pa(6). [ ato. (s = palr)ir

n(ssats = o). [ atsratr = ey )| 00,
|7 (scats = pa(s)). [ blsiranlr = pa(yar )

=1 (ssats = st [ wsratr = ey )| 05 o

for each s € [0, 7], and since

B Hh (505 = 26D, [ alsvranr = m(onar ) = (5.0 = o). [ als, (s = patriyar ) H
< 2max{On(r), O ()} mn(s) + ma(s).
E Hf (s:0(s = pa(6D). [ blsvn(r = patrar) = 7 (sals = oo, [ s matr = ps(ryar H

< 2max{O(r*), Oy (")} my (s) + my(s)]-

Then by the dominated convergence theorem and Iy, Jx, k = 1,2,--- ,m; are
completely continuous, we have for ¢t € [0, 7],



192 K. H. BETE, A. MANE, C. OGOUYANDJOU AND M.A.DIOP EJMAA-2019/7(1)

(W, )(t) — (W) ()|
< APTIE [lg(s, wn(s — pa(s)) — g(s,2(s — pr(s))r

4R [R(t—s) B (5, 30(s — pa(s)), /Sa<sm<r pa(r >>>df)
i (ssats = pa(o). [ alsiriatr =l )}d )

. /OtR(t—S)[f 5,5l = ())/ b7 = (7))
—f (s,x(s—p4(s)), ; b(s, T, x(T — ps(T )] dw(s

# B S R lhten(t) - ) p

< 9 Bg(s, (s — pa(s)) — gl s — (DIl

e / ~pli- ( (o). [ alss (e = palr )
—h<s 25— pals)), /05a<sm<r pa()))dr )Hd

£ (ssts = pao. [ blssmalr = putryar )
1 (s(s - <>>/ b(s, 7 2(7 — pa(r >>>df)

(
+ (4m)P~! Z e PUtIE|| I (2, () — I(z(t, )% — 0 as n — oo.
0<tin<t

+ 4P MPC, TP/2- 1 e~ Bp(t ‘

ds

Then, we have for all ¢ € [0, T,

|V, — x|}, — 0 as n — oco.

Therefore, ¥ is continuous.

Step 3. V¥ is x-contraction.
To see this, we decompose ¥ as ¥; + Uy for ¢t € [0,T], where

(W12)(t) = R(1)[¢ — 9(0, o(=p1(0)))] + g(s, (s — par(s))),
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and
(Waz)(t / R(t —s) (5 z(s — pa(s)), / a(s, T, x(T — pg(T))dT) ds

+/0 R(t—s)f (S,:L’(S — pa(s ))7/08 5(577739(7'/’2(7'))d7> dw(s)
+ Y R(t—te)Ii(a(ty),

0<tp<t

(1) ¥, is a contraction on Y.
Let t € [0,7] and z,y € Y. From (H1) and (H2), we have

E[(¥12)(t) — (U1y)(0)|1%
=Elg(s,z(s — p1(s))) —
< LyE|z(s — p1(s)) — y(

S
<Ly sup Efz(s) —y(s)
s€[0,T]

< Lyllz — ylly-

9(s,y(s — p1(9)I
—pr(s)I%
i

Taking supremum over t

W12 — Wiyl < Lollz -y}

where Ly = Ly < 1. Hence, ¥, is a contraction on Y.
(2) U5 is a compact operator.
For this purpose, we decompose ¥y by Wy = 11 4+ Y5, where

a0 = R(t— s)h (( - (e | " als, (7 - p3<f>>dr) ds
+ [ R (x< —puls)): [ bl = po(r)ir ) (),

and

TQ!IJ Z Rt—tklk ( ))

0<tp<t

(i) T4 is a compact operator.
We now prove that T1(B,(0,Y))(t) = {(T12)(¢) : « € B,(0,Y)} is relatively
compact for every t € [0,T]. If z € B,(0,Y), from the definition of Y it follows that

Ellz(s — pi()lfr < 277 el + 277" sup Ella(s)|

s€|o0,
<2 Mp|p 2P e =%, i =1,2,3,4,5.

It follows from conditions (H4)(iii) and (H6)(iii) that the sets {R( h (s, [y a(s, 7, ¢)dr) :

t,s €00,T], [|¢]% < r*} and {R(t —3) 1/),[0 s,Tp)dr) s t,s €[0,T), ||y < 7‘*}

are relatively compact in H. Moreover, for z € B,.(0,Y), from the mean value theorem
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for the Bochner integral, we can infer that

(Taz)(t) € tcon“{R(t —s)h (S,%/J, /OS a(s, T, T/J)dT) s € 0,7, |lwlf < T*}

+ tY2%comm {R(t —9)f (s,w, /S b(s,, w)dT) 2 t,s€[0,T), |95 < r*}
0

for all t € [0,T], and conv denotes the convex hull. As a result we conclude that
the set {(T1z)(t) : « € B-(0,Y)} is relatively compact in H for every ¢ € [0,T].

Next we show that T; maps bounded sets into equicontinuous sets of Y. Let
0<e<t<T From (T1B,(0,Y))(t) is relatively compact for each t and by the
strong continuity of R(t), we can choose 0 < £ < T — t with

|R(t+ &)z — R(t)x||g < e

for x € ($2B,(0,Y))(t). For any = € B,(0,Y). Using (H1)-(H5) and Holder’s
inequality, it follows that

E[[(T12)(t+ &) — (Taz)(®) [l

< 6”11[41’

+6P7'E / R(t+&—s)— R(t—s)]h (s, x(s — pa(s)), /Os a(s,r,z(T — pg(T)))dT) ds
+ 6P R /t R(t+&—s)h (s, z(s — pa(s)), /Os a(s, 7, x(t — PS(T)))dT> ds !

LR / Rit+¢—s) R(t—s)]f(s,x<s—p4<s>>, /Osb<smx<7—ps<f>>>m)dw(s)

+6°IE / R(t+&—s)—R(t —s)f (s,x(s — pa(s)), /O b(s, 7, (T — p5(7)))d7> dw(s)

IR / [R<t+s—s>—R<t—s>]f(s,x<s—p4<s>>7 /Osb<smx<r—p5<r>>>dr) du(s)
<o e | Tk H[R(t #6=5) = Rlt = 9t (0l = palo)). [ alsralr = pa(r)))ir )

/ Rlt-+6 =)= Rt = 9)lh (5.0 = ). [ als.ratr = palr)yar ) ds

P

H
p

H

p

H
p

H
p

H
P

ds
H

roe 17+ €= 9) = Rlt =)l 1 (5006 = pa(o), [ atsmatr = patryar) HHds]p

p
+6P7'E

/t“rf |R(t+&—s)|lu Hh (s,x(s - p2(5))7/0S als, 1, z(T — pg(T)))dT) HHdsl
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voic | / st €= 9) = 5t a7 (sl = o). [ bls,matr = (e

+6771C, / [17( €= 5) = R = |1 (005 = pa(o), [ to.7.a(r = patr))r ) i ]w ds] .

p72/p /2
} ds
H

H

H

+o71C, / a IA(+ €= |1 (5066 = pato), [ ovreatr = putr)yar) ’ r/p ds] "

t p=1 .
< 6PNt —e)PeP + 1207 MP [/ e_ﬁ(t_s)dé’} / e P my(5)On(Elx(s — p1 () 1%)
t—e t—e

+ ma(5)Oa(Ellz(s — p2(s)))]ds

t+€ p—1
+ PP / e~ BE+E=5) 4¢
t

sty [ ”EH[S(H& ~ )= 8= 511 (ss0ls = pal). [ bttt

t4e
/t e P g, (5)OK(Ellx(s — p1(s))]) + ma(s)Oa(Ellz(s — pa(s))|%)]

p
ds
H

t p/2
12730 | [ e (590, Ela(s — (o)) + () OuEl (s (o) )]s

t;: p/2
+6771CpM” [ /t [e™ PP my (5)© 5 (Ellz(s — pa(s)) ) +ma(s)Os (Ellz(s — p5<s)>||1;,)]]2/pds}

< 6Pt — £)PeP + 12P7 1 MP max{Oy, ("), @a(r*)}ﬁl_p/ €_ﬂ(t_s)[mh(8) + mq(s)]ds

t—e

t+¢e
+ 6771 MP max{©(r"), ©a (")} 877 / e~ P02 my, (5) + ma(s)]ds + 671 C(t — £)P/2eP
t

_ 1-p/2 rt
+12771C, MP max{© (1), ©y(r)} {2615]7— 21)} /t, e P [y (s) + my (s))ds
_ 1-p/2  ptte
+ 677 1C, MP max{O(r*), 0y(r*)} [2’6;5])21)} /t e BUTE=) [ £ (5) 4 my(s)]ds.

Then the right-hand side of the above inequality is independent of x € B, and
tends to zero as & — 0 and sufficiently small positive number . Thus, the set
{T1z:z € B.(0,Y)} is equicontinuous.

(ii) Y5 is a compact operator.

To prove the compactness of Yo, note that
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(Toz)(t) = Y R(t—te)lx(x(ty))

0<tr<t
0, , t€10,t],
R - ) La(t7), Le (t,ta),
Doy Rt — ti) Ie(x(ty), t € (tm, T,

and that the interval [0, 7] is divided into finite subintervals by tx, k =1,2,--- ,m,
so that we only need to prove that

W = {R(t —t1) 11 (z(t7)), t € [t1,ta], x € B.(0,Y)}

is relatively compact in C([t1,t2], H), as the cases for other subintervals are the
same. In fact, from (H1) and (H7), it follows that the set {R(t — t1)I1(z(t])) = €
B,(0,Y)} is relatively compact in H for all ¢ € [t,t3].

Thus, we see that the functions in W are equicontinuous due to the compactness
of I; and the strong continuity of the operator R(t) for all ¢ € [0,7]. Now an
application of the Arzeld-Ascoli theorem justifies the relatively compactness of W.
Therefore, we conclude that operator Y5 is also a compact map.

Let arbitrary bounded subset V' C Y. Since the mapping W5 is a compact operator,
we get that xy (U2V) = 0. Consequently

Xy (TV) = xy (T1V + ToV) < xy (U1 V) + xv (¥2V) < Loxy (V) < xv (V).

Therefore, ¥ is x-contraction. In view of Lemma we conclude that ¥ has
at least one fixed point z* € V C Y. Then, z is a fixed point of the operator
U, which is a mild solution of the system with z(s) = ¢(s) on [(0),0] and
E|jz(t)||5 — 0 as t — co. This shows the asymptotic stability of the mild solution
of . In fact, let € > 0 be given and choose ¥ > 0 such that ¥ < € and satisfies
[14P= 1 MP 4 147~V (Ko Ly, o + K3 Ly )7 + (1477 K 71 + L)e < e. If 2(t) = x(t, ) is
mild solution of (I, with ||¢|% + E[¢[% + LeEll(—p1(0))[|5 < 7, then (¥z)(t) =
z(t) and satisfies E||z(t)|}, < € for every ¢ > 0. Notice that E|z(t)||}, < € on
t € [m(0),0]. If there exists ¢ such that E|z(?)||%, = ¢ and E|z(s)|} < e for
s € [m(0),7]. Then (9) show that

Elx(t)]%, < [14P~ MPe PP 4+ 14P~ Y (Ko Ly o+ KsL )5+ (147 K 87+ L)e < ¢,

which contradicts the definition of ¢. Therefore, the mild solution of is
asymptotically stable in p-th moment. °

5. EXAMPLE

Consider the following impulsive partial stochastic neutral integrodifferential
equation of the form
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2

T o

+ /0 b(t — s)[u(t,z) — It u(t — p(t), x))]ds

dlult,®) — 9(tult — p(t),2))] = o [u(t,@)dt — I(t,ult - p(t),2))]

+C <t,u(t — p(t), z),/o Gt u(t — p(t),:c)) dt,
(10)

t
+o (t,u(t — p(¥), a:),/ o1 (t,u(t — p(t),x)) dw(t),
0
£>0,0<a<m t+£t,
u(t,0) = u(t,7) =0, t > 0.
u(t,x) = p(t,x), t<0, 0 <z <m,

tk
Au(ty,z) = / nx (te — s)u(s, z)ds,
0

where (tx)r € N is a strictly increasing sequence of positive numbers, p(t) €
C(R4,Ry),and ng, M € C(R4,Ry), k=1,2,--- ,m. w(t) denotes a one-dimensional
standard Wiener process in H defined on a probability space (2, F,P). Let H =
L?([0,7]) with the norm || -|| and define the operator A by Aw = ' with the domain

D(A) :={w(:) € H : w, are absolutely continuous, w’ € H, w(0) = w(mr) = 0}.

It is well-known that A is the infinitesimal generator of a strongly continuous
semigroup {S(t) : ¢ > 0} in H. Furthermore, A has a discrete spectrum with
eigenvalues of the form —n?, n € N, and corresponding normalized eigenfunctions

given by e, (x) = y/2/msin(nzx).

We assume the following conditions hold.

(1) The function ¢ : [0,00) X R — R is continuous and there exists a positive
constant Ly such that ¥(¢,0) = 0, and

[0(t,y) =0, 2)| < Loly — 2|, t 20, y,z € R.

(2) The function ¢ : [0,00) x R xR — R is continuous and there exists a positive
continuous function me, (+) : [0, 00) — R such that

/Ot Gi(t,s,2)

(3) The function ¢; : [0,00) x R x R — R is continuous and there exists a
positive continuous function m¢(-) : [0, 00) — R such that

<mg, (t)|z], t >0, z €R.

IC(¢, z,v)| < me(t)]z] + 217P|y], t >0, z,v €R.

(4) The function 9 : [0,00) x R xR — R is continuous and there exists a positive
continuous function m,(+) : [0, 00) — R such that

lo(t, z,v)| < mg(t)|z| + 247 Plo|, t >0, z,v €R.
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(5) The function 9 : [0,00) x R — R is continuous and there exists a positive
continuous function m, (+) : [0,00) — R such that

t
/ 01(t757z)
0

Let B : D(A) C H — H be the operator defined by B(t)(z) = b(t)Az for t > 0
and z € D(A). Let u(s)(z) = u(s,z). We define respectively g : [0,00) x H — H,
h:[0,00)x Hx H— H, f:[0,00) x Hx H— L(K,H) and I}, : H— H by

<mg, (t)|z|, t >0, z€R.

g(t,u(t — p(t), x))(x) = I(t, u(t — p(t), z)),

p (e / (t5vuts = p(s)as ) () = ¢ (e - p<t>,x>7/0t Gt (s = p(s) ), 2)ds ).
7 (vt Otb tossuls = p()ds ) o) = (1ot = pto). ), | t (05, u(s = p(s), ). ) ).

Ik(u)(a:):/o Mk (s)u(s, xz)ds

Then the problem can be written as ([1f).
Moreover, if b is bounded and C! function such that b is bounded and uniformly
continuous, then (A1) and (A2) are satisfied, and hence, by Theorem [3.1] (2) has
a resolvent operator (R(t)):>o on H.Using Lemma 5.2 [12], let ¢ > 6 > 1 and
b(t) < %exp (=0B), for all ¢ > 0. Then the above resolvent operator decays exponen-
tially to zero. Specifically ||R(¢)|| < exp(—at) where a =1 —1/4.

Else, using (1) we can prove that

(/ [9(t, z1 () — (¢, z2(x ))|2ds> 1/2r
< [(/ Lolz1(@) — ()| ds)mr

< L§E||z1 — 2P

Ellg(t, z1) — g(t, z2)|IF =

for all (t,z;) € [0,00) x H, j = 1,2, and E||g(t,2) |’y < LE||z||? for all (¢,2) €
[0,00) x H. By assumptions (2) and (3) we have

Elln(t, u,y)|P = E l(/ ¢t u(@), y(@))] dx)mr
<E[(/ [Le(t)ul >|+21-P|y<x>|12)1/2r

< P (L(O)Ellu@) |7 + 2 7E |y
— (OB [u]]” + Byl

for all (¢,z,y) € [0,00,y) x H x H, and
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1/2

E‘ /Ot ¢ (s, 2(x))ds  do

1/21P

([ o))

ma (8)E||z[|”

t
/ a(t, s, z)ds
0

IA

IN

for all (¢,s,2) € [0,00) x [0,00) x H, where mp(t) = mg(t), ma(t) = mg ().

Similarly, by using assumptions (4) and (5) we have

El[f(t 2, 9)[IP <mp@E[2]” + Elly||”

for all (¢,s,y) € [0,00) x [0,00) x H, and

p

E < mp(H)E| 2”

/Ot b(t, s, z)

for all (t,s,2z) € [0,00) x [0,00) x H, where my(t) = mE(t), mp(t) = me, (t).

Therefore (H1)-(H6) are all satisfied and condition (3.1]) holds with ©p(s) = ©,(s) =
Of(s) = Op(s) = s. It is clear that I} are bounded linear maps with

E|[L.(2)[I” < dvE[2]]", z € H, k € 1,m,

where dy = (fo7r |nk(s)|2ds)p/2 , k=1,---,m. Moreover, the map I is completely

continuous. Further, suppose that (14m)P~! 3~ dy < 1 holds. Then, from Theorem

k=1
M we can conclude that the mild solution of is asymptotically stable in p-th
mean.
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