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Abstract

Cosmological approaches of autonomous dynamical system in the framework of f(T') gravity
are investigated in this paper. Our methods applied to flat Friedmann-Robertson-Walker equations
in f(7T) gravity, consist to extract dynamical systems whose time-dependence is contained in a single
parameter m depending on the Hubble rate of Universe and its second derivative. In our attempt to
investigate the autonomous aspect of the dynamical systems reconstructed in both vacuum and non-
vacuum f(T') gravities, two values of the parameter m have been considered for our present analysis.
In the so-called quasi-de Sitter inflationary era (m =~ 0), the corresponding autonomous dynamical
systems provide stable de Sitter attractors and unstable de Sitter fixed points. Especially in the
vacuum f(T') gravity, the approximate form of the f(7') gravity near the stable and the unstable de
Sitter fixed points has been performed. The matter dominated era case (m = —%) leads to unstable
fixed points confirming matter dominated era or not, and stable attractor fixed point describing
dark energy dominated era. Another subtlety around the stable fixed point obtained at matter
dominated case in the non-vacuum f(7') gravity is when the dark energy dominated era is reached,
at the same time, the radiation perfect fluid dominated succumbs.
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1 Introduction

It has been supported that in addition to the inflationary stage [1] in the early Universe, the current
accelerated expansion of the universe has been strongly confirmed by some independent experiments
such as the Cosmic Microwave Background Radiation (CMBR) [2], Type Ia Supernovae [3], large scale
structure [4], baryon acoustic oscillations (BAO) [5] as well as weak lensing [6] and Sloan Digital Sky
Survey (SDSS) [7]. In an attempt to explain this phenomenon there are two possible paths; the first
option proposes corrections to General Relativity as the cosmological constant, the second assumption
assuming that there is a dominant component of the universe, called dark energy. Any way that we
intend to follow, there are numerous models that attempt to explain this effect, namely, General
Relativity (GR) or Teleparallel Theory Equivalent of GR (TEGR)[g]. In the way of GR modification,
one can meet the following gravitational theories: ( f(R), f(R,7T) [9-[10], f(G) [1I]-[12]), where R is
the curvature scalar, T the trace of the energy momentum tensor, G the invariant of Gauss-Bonnet
defined as G = R2—4RWR’“’ +Rxe R A7 Among other additional gravitational theories to GR, the
Tele-Parellel theory, based on curvatureless Weitzenbok connection, has been proved to be equivalent
to GR [13]. Because of its incapacity to explain some physical phenomena ( the UV modifications to
GR and also the inflation, dark energy cosmology, potential detection of gravitational waves, etc.... ),
it has been proceeded to its correction leading to the so-called f(7T') gravity [[14]-[16]], and its extension
f(,T) and f(T,T¢) [17] where T' denotes the torsion scalar and T the Tele-Parallel Equivalent of
the Gauss-Bonnet combination.

In the present work, the f(T') gravity is particularly addressed with the main goal of studying
dynamical system susceptible to reproduce some available cosmological features. Such study is not
performed for the first time in the framework of gravitational modified theories in general [[19]-[22]]
and in f(T) gravity in particular [23]-[25]. Indeed, it is investigated in [25] the interacting dark
energy model in f(7T') cosmology. By assuming dark energy as a perfect fluid and choosing a specific
cosmologically viable f(T') form, the authors of this work have shown that there is one attractor
solution to the dynamical equations of f(7') Friedmann equations. They have also gotten critical
points from which arises the coupling between the dark energy and matter. Moreover, the authors in
[23] have explored some aspects of autonomous system in the nonlocal f(T') gravity from cosmological



equations describing the whole evolution history of the Universe. By building a dynamic system
taking into account the interaction between matter, dark energy, radiation and a scalar field, they
have demonstrated that for nonlocal f(7T') gravity, one can obtain the stable de Sitter solutions even
in vacuum spacetime.

Here, in aim to reveal more cosmological features of our Universe evolution, we focus our attention
on autonomous dynamical system case through f(T') gravity in the presence, or not, of perfect matter
fluids. Let’s also emphasis that, extracting autonomous dynamical system in modified theory of
gravity is not a trivial investigation. It requires a rigorous choice not only for the equation of motion
but also for the cosmological variables in order to find some results in agreement with the actual
phenomenological tendencies in cosmological physics and astrophysics. Why studying autonomous
dynamical system? The motivation for studying the autonomous limit of the cosmological dynamical
system, comes mainly from the fact that if a dynamical system is non-autonomous, then the stability
of the fixed points is not guaranteed by using the theorems which hold true in the autonomous case.
Hence, the stability of a fixed point corresponding to a non-autonomous system is rather a problem
without a solution, unless highly non-trivial techniques are employed. In [22], S. Odintsov and its
collaborator performed a detailed analysis of the f(R) gravity phase space, by using an autonomous
dynamical system approach. The autonomous property of their dynamical system is reached when
the single parameter m of the system, depending on Hubble rate and its second derivative order,
is constant. Two different values of m are considered; the first, m ~ 0, corresponds to quasi-de
Sitter inflationary era and makes true the slow-roll condition. The second, m = —%, stays for matter
dominated era. Through vacuum and non-vacuum f(R) gravities, various fixed points with very
interesting physical significance have been found and their stability has also been performed.

This very interesting previous work has been confronted to the existence of non physical fixed

points (complex coordinates fixed points) which does not allow a deeply cosmological interpretations.
Furthermore, the f(7T') theory of gravity is not equivalent to f(R) theory even mathematically, although
the geometrical equivalence between Tele-Parallel theory and General Relativity. An palpable example
can be seen in [24] where the trace-anomaly driven inflation related to 72 model and those related to
R? do not lead to the same inflationary scenario: T2 produces de Sitter inflation with graceful against
quasi-de Sitter inflation with graceful in the case of R?> model. Nevertheless, it doesn’t exclude the
case where both theories can coincide in the physical interpretation of a same mathematical problem
or two different mathematical problems. Considering these previous remarks, we follow the same
approach in [22] to investigate the autonomous dynamical system in the framework of f(7') theory in
order to provide maximum real points with physical significance.
The present paper in organised as follow. In section Sec.2, after giving the essential basic notions
in Tele-Parallel gravity, we establish the fundamental f(7') equation of motion valid for Friedmann-
Robertson-Walker (FRW) space-time. These equations in vacuum case, in particular the second will
be used in section Sec.3 to extract the autonomous dynamical corresponding to the vacuum f(T")
gravity. We determinate the fixed points and analyse numerically the behaviours of dynamical system
solutions for each value of the parameter m. Physical interpretations around each fixed point is given
by taking into consideration the parameter of equation of state. The same study is done in the section
Sec.4 where the radiation perfect fluid is added to the f(7") gravity. We conclude our work in the last
section Sec.5.



2 Motion equations in FRW Space-time in the framework of f(7)
gravity

Before finding out the Friedmann-Roberson-Walker motion equations in this work, let’s present
here the essential of fundamental notions in Tele-Parallel gravity, source of f(7') theory. In general,
when formulating theories of gravity, the metric tensor is of paramount importance. It contains
the information needed to locally measure distances and thus to make theoretical predictions about
experimental findings. Furthermore, the structure of the spacetime can be described by an alternative
dynamical variable, the well known non-trivial tetrad h®,, which is a set of four vectors defining a local
frame at every point. The tetrads represent the basic entity of the theory of Teleparallel gravity. From
their reconstruction arises the Teleparall theory as gravitational theory naturally based on the gauge
approach of the group of translations. The tretrads are defined from the gauge covariant derivative for
a scalar field as b, = 9,2%+ A?, with A®, the translational gauge potential and 2 the tangent-space
coordinates. The tretrad h”, and its inverse he' satisfy the following relations

et =8 Wt = 6 (1)

The Weitzenbock connection [27] constitutes the fundamental connection of the theory and can ex-
pressed via

Iy, = h 0ht, = —h,0,h, . (2)
Generally, Latin alphabet (a,b,c,... = 0,1,2,3) is used to denote the tangent space indices where as
the Greek alphabet (u,v,p,... = 0,1,2,3) stays for the spacetime indices. The space-time and its

tangent space are related by their metric via
Juv = nabha“hbw (3)

where 7., = diag(+1,—1,—1,—1) is the Minkowski metric of the tangent space. Contrarily to the
Levi-Civita connection, the Weitzenbock connection preserve the torsion tensor whose non-vanishing
component are given by

T, =T, -T* , =h, (0uh", — 0,h",) #0. (4)

Then, the geometrical difference between these two connections are given by the contortion tensor

K )‘W expressed as [13].

~ 1
R, =T, T, = : (T,,Au + T, — T’\W), (5)

where T /\uv are the Christoffel symbols or the coefficient of Levi-Civita connection. Furthermore the
scalar torsion, fundamental element of Tele-Parallel density geometrical is given by

T :=Sg"Th,,, (6)



with Sgi, specifically defined by [27]
St = ! KM 5 4+ 65T o — 65T 7
s = 5( + 05T — 03 a)- (7)

From the use of the relations (Bl and (7)) occurs the following fundamental relations which show the
equivalence between the Tele-Parallel theory and the General Relativity (see [30],[31] for details )

R=—T —2VFT",,, (8)

G — 50T = VS — 5 o, (9)
where R is the Ricci scalar and G, the Einstein tensor.
The action of the modified versions of TEGR (Tele-Parallel equivalent of General Relativity [28] is
obtained by substituting the scalar torsion in Tele-Parallel geometrical Lagrangian density by an
arbitrary function of scalar torsion obtaining modified theory f(7"). This approach is similar in spirit
to the generalization of Ricci scalar curvature of Einstein-Hilbert action by a function of this scalar

leading to the well known F'(R) theory. The f(T') theory can be governed by the following action

= / d'zhf(T / dzhLy, (10)

where h = |det(h®,)| is equivalent to y/—g in General Relativity, K = 16“G , Lpr is the Lagrangian of
the matter field. Then, the variation of this action with respect to tetrad ha“ gives ( [29])

1 v 174 174 v 1 v

FOuBS ) [ (T) = B TS, Fr(T) + S, 0 (T) frr(T) + oha S(T) = 75T2, (1)

with fr(T) = df(T)/dT, frr(T) = d*f(T)/dT? and T?, the energy-momentum tensor. Furthermore,
by using the relation (@), the motion equation (III) can be recast in the following form [30]

L
fr(T)

Now, we are searching for the expressions of these motion equations in the Friedmann-Roberson-Walker
space-time. Such a space-time is described by the following line element

ds® = —dt* + a*(t) Y (dz')’. (13)

i=1,2,3

G =

Ty + 5 (TIr(T) = F0)) g = SV T f2(T) |. (12)

Here, a(t) is the scale factor and H = a/a is the Hubble parameter. From (I3]), one obtains the torsion
scalar in function of H by T = —6H?. The dot (.) means here the derivative with respect to comic
time t. Consequently, the f(7") motion equations ([I]) or (I2]) become

S/ (T) = Tfr(T) + % = 0, (1)

% f(T) + (6H? +2H) fr(T) — 24H?H fr7(T) — k*P = 0, (15)



where p and P are respectively global energy density and the pressure of Univers content.
Otherwise, from the motion equations, particularly its form presented in ([I2]), one can extract the
effective parameter of the equation of state (EoS) valid for f(7T) gravity

2H

One has now sufficient informations to extract and to analysis some f(7') autonomous dynamical
systems in the following sections.

3 Extraction and Analysis of Autonomous Dynamical System in
Vacuum f(7T) gravity
3.1 Building Autonomous Dynamical System in Vacuum f(7T) gravity

In the absence of matter and radiation sources, namely in vacuum, the previous motion equations
become :

SFIT) = Tf(T) =0, ()
% F(T) + (6H? + 2E) f/(T) — 24H>FL f(T) = 0. (18)

In order to extract an autonomous dynamical system with no bad number of dynamical variables, we
consider the equation (3], from which, we pose the following dynamical variables:

F(T) f(T) R

“HET) YT amrEry ¢ T HY

(19)

Here, F(T) = df(T)/dt and ® = 3H? + H. Instead of cosmic time, one can make using of e-folding
number. This possibility is assured by the following relation existing between the operator derivative
with respect to e-folding number and those with respect to cosmic time

d 1 d
N - Ha (20)

Then, following the same approach as [22]-[26] and by making using the equation (IH), one can derive
the variables x, y, and z with respect to e-folding number and obtain the following dynamical system:

d

d—]ff = —m—9—|—6z—|—3y+33:—2z3:—ya:—z2+3:2—|-y2 (21)
dy 2

N - 9—-3z—yz+6y—+y

dz 2

= = _m-1 12z — 2

N m 8+ 122 z



The parameter m appeared in this system is defined by [22]

m=— (22)

H3
According to the fact that the Hubble rate H can explicitly defend from the e-folding number or the
cosmic time, the parameter m is function of e-folding number. So, it will constraint the system (2I])
to be explicit function of e-folding number. Here, we assume that the parameter m takes constant
values: the corresponding dynamical system is called autonomous dynamical system.

One can also make using of the relation % = z — 3 (very used in the building of the system (21I)) to

rewrite weyy in ([I0) as

2
Wepf =1-— gz. (23)

For the two well chosen values of the parameter, both dynamical system and the parameter of equation
of state will be used to analyse the structure of the vacuum f(7") gravity phase space.

3.2 Analysis of the obtained dynamical system for different valors of the system
parameter m

a-Some considerations and clarifications on dynamical system

According to its form, one can conclude that the system presented in (2I)) is not linear. Its
eventual time dependence is strongly hidden by the parameter m. Otherwise, we have said in the
previous section that if the parameter m is constant, the dynamical system becomes autonomous.
This is physically possible according to some cosmological evolution like the de Sitter and the quasi
de Sitter evolutions. Indeed, in the quasi de Sitter evolution the scalar factor is given by

a(t) = eflot=Hit> g H(t) = = = Hy — 2H;t = H =0, (24)
a

Consequently, regarding the relation (22]), the parameter m corresponding to the Hubble rate of (24))
is constant and equals to 0. Inversely, by fixing m to zero, the obtained differential equation gives
H(t) = Hop — 2H;t which corresponds to quasi de Sitter evolution for which the following slow-roll
conditions are satisfied

HH>H and H< H> (25)

One can also recover the inflationary era with this value of m.

In the continuation of this work, our investigation will involve two values of the parameter m
which have physical significance [22]: m = 0 (quasi de Sitter case) and m = —9/2 (matter dominated)
case. Before proceeding to the analysis of the dynamical system corresponded to these values of
the parameter m, we are going to present not only the classical approach namely the linearisation
procedure which is applied to dynamical system with hyperbolic fixed point but also some essential
features of the stability theory for dynamical systems. These clarifications on theory of stability have
already be done in [22] and based on interesting mathematical work of [32].



Generally, the theory of stability of dynamical system lands concretely the stability of solutions-
trajectories. This stability unveils the behaviour of the solutions and trajectories when the initial
conditions vary weakly. Furthermore, when studying dynamical system, it is very important not to
say unavoidable to know the asymptotic behaviour of the solutions and trajectories, in particular the
asymptotic meaning after a long period of time. The length and the determination of this long period
of time is generally determined by the physical scales of the theory. In this work, involving inflationary
dynamical system, the asymptotic behaviour corresponds to N =~ 60. e-foldings. How can us get the
nature of the dynamical fixed point?

In the first hand, the simplest and most precious behaviour of the solution-trajectories is presented
by the stationary points of the dynamic system in progress, as well as by periodic orbits. The different
behaviour of the solutions and especially of the trajectories around the stationary points are strongly
tributary of the nature of these points and sometimes depends from the initial condition (see [22]
for details). Indeed, a fixed point can be attractor of trajectory (stable fixed point ) or asymptotic
attractor (asymptotically stable fixed point), if the trajectories are always attracted or asymptotically
attracted respectively by this point. However, the trajectories can be repulsed at the level of one fixed
point. At this moment, the fixed point is qualified unstable fixed point. The fixed points provide a
characteristic picture of the structural stability of the dynamic system.

In the second hand, a quantitative approach to appreciate the nature of the fixed point, resides
in the application of the Hartman-Grobman theorem. One looks for the matrix of linearisation of
the autonomous dynamical system and according to the algebraic nature of the eigenvalues of the
linearisation matrix at a given point fixed, one will be able to deduct the nature of the point. Indeed,
if the eigenvalue of the matrix of linearisation are negative real numbers, or even complex numbers
with negative real part, then the fixed point is stable (attractor). If none of the eigenvalues are purely
imaginary, or equal to zero, then the fixed point can be an attractor or a repeller (see [32] for details).

The Hartman-Grobman linearisation theorem provides a powerful technique to study the local
stability and the portrait of the phase space, when we have a set of hyperbolic fixed points which
means that only in the case that the eigenvalues of the linearisation matrix have non-zero real parts.
Let X € R" be a non trivial solution to the following system of first order differential equations, called
flow, .

dX -

=), (26)
here g()z ) is a locally Lipschitz, one-to one continuous map g : R — R". Let X, denotes the location
of the fixed points of the dynamical system (26]), and the corresponding Jacobian matrix, which we
denote as J(g), is equal to

9gi
- [22].
In order to have stable fixed points for system (26]), it is enough to set all eigenvalues of the Ja-

cobian matrix so that 7; satisfies Re(n;) # 0. The Hartman theorem predicts the existence of a
homeomorphism F : U — R where U is an open neighborhood of X,, such that F(X,). From this

(27)



homeomorphism arises the so-called flow of homeomorphism defined by

dh(u)
dX

= Jh(u). (28)

It is proved that (28)]) is a topologically conjugate flow to the dynamical system defined in (20))
b- de Sitter Inflationary Attractors and their Stability in vacuum f(7") for m =0

We begin this present analysis by the dynamical description of the quasi de sitter evolution which
corresponds to m = 0. According to this valor, the Jacobian matrix of ([27]) which linearizes the
corresponding autonomous dynamical system (1) is

3—y—2z+2x 3—-—x+2y 6-—22x—2z
J = 0 —z2+6+2y —-3-y ) (29)
0 0 12 — 4z

where the source functions g; are

g = —9462+3y+3z—2zx —yx — 22 + 2% + 12,
g2 = 9—3z—yz+6y+y°,
g3 = —18+12z— 222

By solving the system of equations g; = 0 for general m , one obtains the fixed points of the dynamical
autonomous system (ZI])

Critical points x Y z
X} L (6—\/36—12\/§M—2m—3\/§\/%> —% 1(6—v2y/=m)
X2 §<6+\/36—12f\/— 2m — 3\&/—@ —Yo | 1 (6—v2y=m)
X¢ - -3 [ 1(6—v2y=m)
xt 4o o+ vaymm—amsavavem) | L | o+ vavEm)
X? %(6 \/36+12\/_\/— 2m+3\/_\/—> % 3 (64 v2y/=m)
X6 Lo -3 | 1(6+v2y—m)

Now, one can get these points for m = 0. For this value of m, we are going to take advantage of
the opportunity to look for the eigenvalues 7; of the Jacobi matrix associated to every critical point.
The results are presented in the following table



Fixed points | x | vy | z|n1 | m2 | 73
X! ol 0o [3]0]|-3]3
X2 3/ 03[0 3|3
X3 0[-3[3[0| 0]-3

From this table, one can see that Jacobian matrix has no eigenvalues on the unit circle at all fixed
points, so all of them are non-hyperbolic. Furthermore, the fixed point X3 is stable where as X! and
X2 are unstable. Another important conclusion arisen from this last table is that for three critical
points, one has z = 3. By substituting z = 3 in (23)), one has w.sy = —1 which corresponds to the de
Sitter equilibria.

In order to get the analytic solutions of the dynamical system 21l for m = 0, we try to solve the
different differential equations that it contains. Let emphasis here that, outside of the third equation
of the system, the direct analytic resolution of the system is not easy but after some transformation,
one gets the following system of the solutions

1+6N —3C,

z(N) = ANy (30)

6N=2G1) /3 f{ 3N—ﬁ}
V3 +3X2%e(3N_%)C2+5 wEr 2

yy = 2 a (31)
e(SNfﬁ)ﬁErf[\/@} 7

3
24

B (—3N+
s(N) = LEONZ3G o 3¢ 7 ) YOy (32)

2N~ G ,/N-%((SC#ME&[M:&N-%D

Here, C1, Cy and C3 are constants of integration and must depend from the initial conditions where
as Erflx] means the error function. From these expression, we note that for large value of e-folding
number N, z(N) stretches toward 3, which is exactly the behaviour we indicated earlier.

In the goal to take out again the impact of the initial conditions on the behaviour of the system,
we proceed to a numeric resolution of the system. The results descended of this approach should be
in agreement with those gotten analytically for suitable initial conditions. In order to illustrate the
asymptotic behaviour of the dynamical system, we choose the e-folding number as N € [0,60]. We also
start our cosmological numerical analysis with the following initial conditions z(0) = —7; y(0) = —3;
z(0) = 5.

The three plots of this figure [lshow how the equilibrium X2 = (0, —3, 3) is reached progressively. The
first plot (the extreme right one) shows clearly the solution evolutions from the initial conditions and
proves that the equilibrium X2 is not directly reached. The two other invoke the dreadful convergence
of the solutions toward this equilibrium X2 and their stabilization in this last. To show more deeply,
the previous properties the attractive nature of the fixed point X? = (0,—3,3), we represent the

2%6(3]\[_%)(72 +

3C
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Figure 1: Numerical solutions z(N), y(N), and z(N) of dynamical system (21I) for m = 0 in three
intervals V € [0,15], N € [0,40] and N € [0, 60] for initial conditions z(0) = —7; y(0) = —3; 2(0) =5

20

20 fx

) = = = 5 - = = = = =

Figure 2: Parametric and vector plots of the solutions in the plan x — z of dynamical system (2IJ) for
m=20

solutions in the plan x — z for three different initial conditions through the plots of the figure 2l

A common conclusion arisen from the analysis of the evolution of the curves presented by the plots of
the figures [ and @ is that the equilibrium X3 = (0, —3,3) is a de Sitter attractor or furthermore, the
final de Sitter attractor of the phase space. We are now looking for illustration of the global attractive
behaviour of this point. For this, we plot the three dimensional flow for different initial conditions.
The obtained figure [§] proves the absolute attractor character of the critical point X2

Regarding the dynamic system (21I), the differential equation in z decouples itself of the other equa-
tions of the system. It is also what has facilitated the research of the analytic solutions and justify
the order of presentation of these solutions higher. Indeed, we are going to fix z to its asymptotic
value (z = 3) and show the stability and the attractor fixed point X2. For several initial conditions,
we draw the different trajectories in the plane x — y. We note a strong attraction of the different
trajectories toward the equilibrium X3 as it was shown by the corresponding figure @l

In summary, our previous results show that for m = 0, the dynamic system (2I]) becomes autonomous

11



Figure 3: The three dimensional flow of dynamical system (2]]) for different initial conditions and for

2\\ / :

. p
_ |

HH)

Figure 4: Trajectories in the plane z — y of dynamical system (ZI))for m = 0

and admits one de Sitter stable point X2 = (0, —3,3) (very apparent through the different representa-
tions) and two de Sitter unstable fixed points X! = (0,0, 3) and X2 = (3,0, 3). These results coincide
with those existing in other theories of modified gravity (for example the interesting work [22]) and
align again the f(T') theory therefore in the rank of the modified gravitational theories which can
reproduce the de Sitter inflationary era. In the framework of our present work, the inflationary evolu-
tion appears by the fact that, in the case of quasi-de sitter (m = 0), the f(T") theory leads to a stable
de Sitter attractor which is asymptotically reached when the e-folding number N stretches toward 60.
We recall here that the previous interpretation is solely valid in the quasi-de Sitter case namely, the
case where the scale factor takes the form in (24]). Otherwise, in the theory like the symmetric bounce
cosmology [33] where the factor of scale is a(t) = eM* X\ > 0, the parameter m vanishes but the De
Sitter attractor in this case can take another physical interpretation: it can be qualified of late-time
de Sitter attractor.Presently, we ask the question to know: what are the cosmological models f(7T)
capable to reproduce the different physical features which result from the previous dynamic system.
Follow us in the coming subsection.
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c- Reconstruction of cosmological vacuum f(7') models

Here, we reconstruct some f(7T') models near the previous fixed points which have been obtained in
the case m = 0. We recall also that this studied case is the one of which the conditions of slow-roll
are verified, so, the reconstructed models must also take in account this aspect. The concerned points
are X! = (0,0,3), X2 =(3,0,3) and X2 = (0,3, 3).

Let start with the stable fixed point X2 = (0,—3,3). According to the consideration made in (I9),
the application of this point leads to the following differential equations

F(T) )y _
 HF(T)  ° 4H?F(T) -3 (33)
The first differential equation of ([B3]) breeds
F(T)=0, F(T)#0 and H(t)#0 (34)

Since, we are performing in the case where m = 0, which makes true the slow-roll conditions 25 we
shall have H # 0, and one gets

. df

F(T)=0= —Hidz—T =0= f(T)=MT+ Ao, (35)
where A1 and Ao are constants of integration. By setting Ay = 1 and Ay = A, with A, the well known
cosmological constant [34], one obtains the following model

F(T) =T+ A, (36)

which corresponds to the density Lagrangian of Tele-Parallel coupled with the constant cosmology.
A de Sitter universe is a cosmological solution to the Einstein field equations of general relativity or
Tele-Parallel theory, named after Willem de Sitter. It models the universe as spatially flat and neglects
ordinary matter (m = 0), so the dynamics of the universe are dominated by the cosmological constant,
thought to correspond to dark energy in our Universe or the inflaton field in the early Universe. So,
these cosmological features can be reproduced by the model in (3G).
The general f(7') forms obtained in (B3]), satisfied the second differential equation of (B3] via the
following relation
A2
—— ~0.
—6)\ H?
By the fact that A; and A2 integration constants, the condition (B7]), which required large valor of
hubble parameter, holds true when the slow-roll conditions are satisfied. Consequently the f(T')
gravity solution of (B3l can generates the quasi-de Sitter evolution that yields m = 0 in the large
scalar torsion era because of the required large hubble parameter. As conclusion, at the large scalar
torsion era, the f(7T') form in (B3] can lead to the de Sitter stable point X3 = (0, -3, 3).
Otherwise, by an inverse analysis to the previous one, let’s consider the second differential equation
of [33)). Its resolution yields

f(T)
AH2F(T)

(37)

= -3= f(T) ZQT% = f(T)=V-T +3, (38)

13



where § is an integration constant. Let’s note that the generated square root model in ([B8) has a
strong cosmological implication in general and in the survey of cosmological dynamical systems. This
f(T') model can be recovered via reconstruction scheme of holographic dark energy [35]. Also it can
be inspired from a model for dark energy model form of the Veneziano ghost [36]. Furthermore, and
according to [37], the first term (the square root one) of this model denotes a ghost dark energy and
performs a role of cosmological constant. It can also be reconstructed mathematically as a toy model
of a type of ghost dark energy if and only if we neglect all matter fields. Recently, attractor solutions
for the dynamical system with three fluids (dark matter, dark energy and radiation) interacting non-
gravitationally have been investigated to resolve the coincidence problem using similar f(77) [3§]. This
reconstructed f(7T") model was also especially at the heart of interesting investigation like [25] where
it leads to an attractor solution to the dynamical f(7") Friedmann equations of the interacting dark
energy model in f(7") cosmology

The f(T) form in (B8], introduced in the first equation of ([33)), leads to

1
I3 ~ 0, (39)

which can be met in the large scalar torsion eras. One again, the f(T") solution in (B8], approaches
the de Sitter attractor X3 = (0, —3,3) in the large scalar torsion era.

By taking into consideration its two first coordinates, the second fixed point X2 = (3,0, 3), yields
the following system of differential equations

F(T)
HF(T)

_ )
=3 AH2F(T) 0 o)

where the first one gives

F(T)

B A1) df(T)
HF(T)

_ o
3= Hi— 5 T

_T_
— 0= f(T) = 4H;e™i 5y + 0. (41)

o1 et oy are integration constants. Such a model in (I is, according to the literature, the so-called
exponential f(7") model which, for example, can tend to the ACDM cosmology [39] or produces an
inflationary scene in absence of all matter fields [40]. In large scalar torsion, the model in () can
verify the second differential equation in (40]) if the slow-roll condition holds true. Indeed, one has

T
T 4H;e*H: H;
f2( ) _ 4Hie 01;r02N i (42)

As conclusion, the exponential f(7') solution in (Il), can reproduce the de Sitter unstable point
X2 = (0,-3,3) in the large scalar torsion era.
In the case of the first unstable fixed point X} = (0,0, 3) , the corresponding system of differential
equations is .
BT) f(T)
HE(T) 4H2F(T)

~0. (43)
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After some calculations, one can conclude that the model in (B3] can fit this fixed point X! = (0,0, 3)
in the same conditions as the previous one.

In another theory of gravity, like the well-known f(R) gravity, this cosmological studying of au-
tonomous dynamical system in the quasi-de Sitter inflation yields in addition to exponential f(R)
form, a very interesting inflationary model which is the R? gravity [22], with R the scalar curvature.
They show that the presence of an R? term in f(R) gravity leads to instability, which may be viewed
as an indication of the graceful exit from the inflationary era. Otherwise, the authors in [24] have
demonstrated that the de Sitter inflation with graceful exit can be realized in 72 while R? may lead
to quasi-de Sitter inflation with graceful exist. As we can already note it in the present work where
the fixed points resulted from a quasi-de Sitter’s approach, any mathematical approximation did not
lead to the model 72. The question that we are asking ourself, is to know if a 72 model can reproduce
the behavior of the obtained dynamical.

d- Testing an inflationary graceful exit f(7) model: the 72 model

Let’s consider the following functional general form of the T2 gravity

L o
f(r)y=7T+ a—H,-T , (44)
where the parameter H; has dimensions of mass? and « is dimensionless parameter [22]- [24]. This f(7T')
model is called to satisfy the vacuum FRW equations and lead to the Hubble parameter expression
presented in (24]) which corresponds to m = 0 or to slow-roll conditions. Accordingly, We are searching
in the first time the expression of the parameter « in order the make filling the previous conditions,
the T2 gravity. Inserting the f(7') function in the second vacuum Friedmann equation in (I8]), one

obtains 1 1 48
-T T? + (6H? +2H)(1 T) —
2 + 20(H2‘ + ( + )( + OZHZ' ) OZHZ'
By making using the slow-roll condition (H < H?), and under the initial condition Hl[t;] = Hy
(approach of [22]), we solve this differential equation and the approximate Hubble parameter, solution

of this equation reads

H?’H =0 (45)

H(t) = Ho + %(—18H§ + oH;) (t — tg,). (46)
In order to realize the quasi-de sitter evolution, the Hubble parameter must be recast in the form [22]
H(t) = Hy — H;(t — tx). (47)

So 2
a=-16+ 1872. (48)

From [41], the dimensions of Hy and H; maintain the nature of o (dimensionless parameter). The
corresponding functional of T2 gravity is

1
2
(—16 + 1872 ) H,

f(T)=T+ T (49)
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This cosmological model, which is sensible of realizing the quasi-de Sitter evolution, can be applied
to the dynamical variables (x,y,z), making them, the explicit function of e-folding number. But
to arrive there, we must also try to express the cosmic time as function of e-folding number; ¢ =

(Ho++/H2 —4NH;)/(2H;) and then, we obtain

12H,
(=8 + 6n)H; + 3H, <2HO +/—dnH; 1 Hg>
6(8 — 3n)H; — 9H, <5HO +/—dnH; + H02>
y(N) = : (51)
8(—4 + 3n)H; + 12H, <2HO +/—4nH; + Hg>
on(1 + 3n)H; — H, <HO +\/—nH, + Hg>
2(N) = (52)

2n2Hi
In figure Bl we plot the evolutions of these variables

4T

1 N
[ —
¥[N]
| --+ AN
—Ik 4
) T S e ] TS A = I W A o T A o = O
[} 10 0 30 a0 ) &

Figure 5: Dynamical evolution of the variables (z(N),y()N),z(N) in T? gravity for H; = 10%sec!
and Hy = 10%3sec? [41]

Any fixed point among the three fixed points for m = 0 is not reached in the dynamical evolution
described in the figure Bl The convergence is made in the direction of a new point (0,—3,0). Let
remark here that, the two first coordinates of this point which correspond to those of the de sitter
stable point X3 = (0,3, 3), have led to viable de sitter inflationary vacuum models ([B5)-(B8]). But
the contradiction here comes from the third component (z = 0) giving wefs = 1 which has nothing
with de Sitter evolution. The quadratic f(7") model can not reproduce the quasi-de Sitter evolution
contrarily to f(R) gravity as it was investigated in [24].

e-Studying matter dominated in vacuum f(7"): m = —9/2

Secondly to the case m = 0, we consider m = —9/2 which corresponds to the matter dominated
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Universe. The corresponding Jacobian matrix reads

3—y—2z4+2x 3-—x+2y 6—22—2z2
J = 0 —z+6+2y  -3-y |, (53)
0 0 12 -4z

with the functions g; given by

g = —9/2+46z+3y+ 3z — 222 —yx — 2% + 2 + ¢
go = 9—3z—yz+6y—+y°
g3 = —27/2+12z —22°

The fixed points and the matrix eingenvalues for each of them are presented in the following table

Fixed points | = Z|lm | n | N3
1 3 3 3 3 3
e AR AR AR
X, O |—9]51 6] 5] 35
X3 5| 3[5]6]0 -3
4 3 3 9 9 9
B R
X 6 15 |5]=6135 |3
X0 s =3[3]-6] 0 [-3

All the equilibria presented in this table are non-hyperbolic and only the last is seemed to be stable.
We can also remark that for the set of these fixed points, two values of the third coordinates can be
distinguished: z = 3/2 and z = 9/2. By inserting the first value, z = 3/2, in ([23)), one obtains the
effective EoS parameter which reads w.ys = 0. This value holds physically and corresponds really
to matter dominated evolution. As for the second value, z = 9/2, it leads to wefy = —2 which
has no physical significance, since it corresponds to a phantom evolution. Furthermore, this value is
asymptotic value of the dynamical system for m = —9/2. The reason is that, the analytical solution
of the z(N) differential equation of the dynamical system for m = —9/2 reads

3(3¢5N — 1)

ST

(54)

where 7 stays for an integration constant. For large value of e-folding number, z(N) — 9/2. Using
(B4)), one can also obtain the analytical expression of y(IV) excepting those of x(N) whose differential
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equation is not easy to solve for m = —9/2.

_ 6N 1/4 (_6N\1/4 : 1131 6n
y(N) [ 73 Ve +¢< ( ) ( ) Hypergeometric2F1 4,2,4,7_6 +
3 -1 1131
+§(T)1/4 (eGN)1/4 o + Hypergeometric2F1 [—1,5,1,;€6N:| )]

T

-1
[( Y2V eON 4 p(— )1/4( M) 1/ Hypergeometric2F1 [—i, ,z,%GGN]] , (55)

with ¢ an integration constant. Despite the fact that x(N) is not analytically, one can find out the
behaviours of these dynamical variables by proceeding to an numerical solving.

For two different initials conditions, we plot the behaviour of these solutions in the following diagrams
of figure 77:

These plots show that in the case where the initial condition is (0) = —7, y(0) = 0, 2(0) = 5, the stable
fixed point X6 = (2, -3, %) is asymptotically reached where as in the second case, z(0) = 0, y(0) = 0,
2(0) = 0, the dynamical system solutions simply blow-up because the variable z deviates from its
equilibrium value (see the curve in black in the two plots). By fixing z = 9/2, we plot in the figure the
trajectories in the plane z-y for various initial conditions. The correlation among the three solutions

can be viewed through the following three dimensional plot in ?? As conclusion, the autonomous

dynamical corresponded to m = —9/2 leads to six non-hyperbolic fixed points. Three of these points,
X! = (—%, -3, 2) X2 = (0, —%, g) and X3 = (—%, -3, %), are unstable but describe really the matter
dominated era because they are characterized by the z = % which yields wefr = 0. Nevertheless, the
three others fixed points among which, two are unstable:X? = (2,2, 9) X2 = (6,2, 2), and the last

) ) ) )
one is attractor: X9 = (—%, -3, %), are distinguished by z = % anc21 s?) flescrlbe the p2ha2ntom evolution
because for this value of z the effective EoS parameter becomes w, s = —2. With this aspect, the f(T')
theory can be useful for a dark energy description because from an inflationary point of view, it is not
so appealing having a phantom theory at hand. Unfortunately, the only stable fixed point, as shown
by the figures is a phantom point X% = (—%, -3, 2) It is not too astonishing because, y = —3 yields
a f(T) model in (B8]), very literally known as a ghost dark energy model. However, the figure which
presents the three dimensional flow for various initials conditions, shows that the attractor equilibrium
X6 = (—%, -3, %) can be reached or not. Indeed, regarding this figure, it exists one flow which evades
this point. This fact reassures us that if we add more initial conditions, one will have luck to reach
other unstable f(7') points leading to the matter dominated era. So, in vacuum f(7) description,
the instability leads the matter dominated era. We will end phase space analysis on the case where a

perfect fluid like ordinary matter or radiation are coupled to f(7') gravity known as the non-vacuum
f(T) gravity.
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4  Autonomous Dynamical System in Non-vacuum f(7) Gravity

The non-vacuum f(7") gravity, in the space-time of Friedmann-Roberson-Walker is governed by
the motion equations presented in (I4]) and (3. The energy density p and the pressure P present
in these equations will characterise a perfect fluid composed of ordinary matter and radiation. Like
the previous section, our autonomous dynamical system approach is based on the second Friedmann
equations. Since the pressure of ordinary matter is zero, so only radiation pressure (P,) will be taken
into account. For this reason, we pose the following four dynamical variables:

T THETY YT AR FR(T) T HY = T2HZF(T)
The corresponding dynamical system reads
d
% = —m—9+462+3y+ 3z — 2z —yr+yu— 2>+ 2> + 9> (57)
dy 2
N 9-32z—yz+6y+yuty
dz 9
N - —m — 18 + 12z — 2z
du
N ur — 2zu + 6u

with m the same parameter as defined in the previous section. For any value of the parameter m the
fixed points are presented in the following table

Critical points x Y z u
1 —m N
X 7 3 |3 "A 0
X2 —V_2m -3 3+ —V\;§m 0
3 v=m v=m | 3(3V2v=—m+m)
X, —V2y/=m | =3 - V2 3- V2 18+m
4 — _ V—m -m 3m
X \/5\/—7’” 3+' V2 3+ ﬁ 3v2/=m+m
5 . 1/ m v/ m
X3 3 —zﬁm - :/fz_ 3— *f— 0
6 i/m iv/m i/m
X3 v _ﬁ 3— \\/f& 0
7 . /M v/ m
X7 3+§\/§\/m \\//Z 3+ \\/@ 0
8 i/m i/m i/m
X 3 7 3+ NG 0

The Jacobian matrix which linearises the system (57]) doesn’t depend from the parameter m and its

reads

3—y—2z+2x 3—x+2y+u 6-—2x—2z2 Y
- 0 —2+6+2y+u —-3—vy Y
J = 0 0 12 -4z 0 (58)
U 0 —2u 46 —22
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It is obtained from the following general g; functions

g = —m—9+462+43y+3x— 22z —yx +yu — 22 + 22 + ¢ (59)
g = 9—32—yz+6y+yu+y>

g3 = —m— 18412z —22°

g1 = uxr —2zu+6u

Different values of parameter m will lead to various features of the dynamical system (B7) which
reveals autonomous when m is constant. We start the analysis of the system with m = 0.

4.1 de Sitter Inflationary Attractors and their Stability in non-vacuum f(7') grav-
ity: m=0

For m = 0, we are going to analyse the behaviour of the space phase in non-vacuum f(7') gravity.
The corresponding fixed points and the associate eigenvalue of Jacobian matrix are given in the fol-
lowing table

Fixed points |z | y |z |uw|m | n2 | 03| ma
X! o|-3[3]o]o|-3[0]0O
X2 3o 3lo]o] 3 |3]3
X3 ol o[3lo]o]-3]0]3

In this previous table are set thee non-hyperbolic fixed points which can be classified in two categories
according to their associated eigenvalue: two unstable points X2 = (3,0,3,0) and X3 = (0,0,3,0) and
one stable point X! = (0,—3,3,0). All of them are characterised by z = 3 which implies w, = —L
Consequently all these fixed points are the de Sitter equilibria. For m = 0, only the third differential
equation of (7)) can be analytically solved and the solution is the same as those presented in ([B0). In
parallel way as the previous section, we are going to analyse numerically the solution behaviours of
(E7) and to find out their possible physical significance. Firstly, by considering the initial condition
x(0) = =7, y(0) = =3, 2z(0) = 5,u(0) = —1, we plot in figure the evolution of these solutions for
two choices of e-folding number: N € [0,2] (left plot) and N € [0,60] (right plot).The evolutions
presented in the two plots of figure show that the de Sitter attractor X! = (0, —3,3,0) is not directly
but asymptotically reached.

The behaviours of the dynamical system [57] for m = 0 confirm partially the stability of the fixed
point X! = (0,—3,3,0), which means that regardless the initial conditions used, the trajectories are
attracted to this de Sitter equilibrium. We shall show more this interpretation by proceeding to the
dimensional plot. We emphasis here that by posing u(N) = 0, the system is restricted to the
vacuum f(7T') system case which has already been performed in the previous section. For this reason
and in order to show deeply the stability of the fixed point X} = (0,—3,3,0), we draw in figure the
trajectories of the dynamical system for various initial conditions in the following three planes: = —u
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plane (left plot), y — u plane (right plot) and z — u plane (bottom plot). The three plots show clearly
that in each plane, the restricted coordinates of the equilibrium X! = (0, —3,3,0) are reached. The de
Sitter attractor property of this fixed point is once again found out. As it was higher performed, we
are showing now the global de Sitter attractive of this point through the three dimensional. Among
the four dynamical parameters, only z has easily an analytical expression which shows that for large
value of e-folding number, z yields 3. So, we fix z = 3 and plot via the figure the three dimensional
flow of dynamical system (57]) for m = 0 and for various initial conditions. The plot shows that the
equilibrium is a stable de Sitter attractor.

A common conclusion arisen from the previous different plots in the case of dynamical system (57])
for m = 0 can be summarized as follow: although radiation perfect fluid is added to the f(T') gravity,
there is always a global stable de Sitter attractor of all the cosmologies that satisfy m =~ 0. The
corresponding stable f(T) de Sitter attractor is asymptotically reached and reads X} = (0, —3,3,0).
Without the u coordinate, the equilibrium becomes the stable de Sitter attractor of the vacuum f(7T)
gravity. However, the asymptotic behaviours shown by all plots in the framework of dynamical system
7)) for m = 0 reveal that the variable u« — 0 when N — 60. Regarding the expression of the
variable u, it follows that w — 0 implies P. — 0 which means no radiation dominated. This is
physically correct, since at a de Sitter point, neither the mass nor the radiation perfect fluids dominate
the evolution [22].

4.2 Matter dominated Attractors and their Stability in non-vacuum f(7") gravity:
m=—9/2

Let’s search here for the cosmological evolution when we consider the matter dominated era m =
—9/2. We still come back to the dynamical system (57]) in which we replace the parameter m by
—9/2. The equilibria and their associated eigenvalue are presented in the table below

Fixed points | = y |z u | m 72 73 74
X! -2 -3[3]0]¢6 -3 0 3
X? s |1-3[3]0]-6 -3 -3 0
X s [gla e | = | i@ g
X2 31 —-3|5]-3]-6]-2B+V17) | 3(-3+V17) 3
X; 2 [ 2 210 -6 2 2 2
X, O‘ —5 |5 0 6 2 5 3
4 2 N A
The system has eight different non-hyperbolic fixed points among which, only one is stable, X2 =
(%, -3, %,0). Once again, we meet two values z = % and z = % which respectively, lead to werp = 1
(matter dominated era) and weff = —2 (phantom evolution with dark energy as candidate). The

behaviours of the dynamical system solution can be visualised through the figure ?7?7. The figure
shows that the stable fixed point X2 is also reached asymptotically. The behaviours of the solutions
around this fixed point yields: when N — 60, one has z — 9/2 (phantom evolution or dark energy
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dominated era) and v — 0 (radiation perfect fluid is disappearing). This means that when dark
energy dominated era takes place, the radiation dominated era absconds.

5 Conclusion

In this paper, we developed the modified Tele-Parallel f(7T') gravity being a field of study of
phase space structure through the reconstruction and analysis of dynamical autonomous systems.
The concerned dynamical systems are qualified autonomous because, in the building approach of
the dynamical system, the possible time-dependence or e-folding number dependence is recast in the
parameter m which is assumed to be constant along our investigation. Two different values with
physical significance are considered during this investigation, namely, m ~ 0 which corresponds to
de Sitter inflationary era and m = —% linked to matter dominated era. After extracting general
dynamical systems from the f(7') Friedmann motion equations, our analyses have taken place around
two cosmological fundamental concepts: the vacuum f(7') gravity and the non-vacuum f(7') gravity.
In the framework of the vacuum f(7) gravity, the dynamical system has led to stable and unstable
fixed point for both m ~ 0 and m = —%. But for m ~ 0, the numerical analyse of the dynamic
system has yielded an asymptotic stable de Sitter attractor. Viable f(T") models nearing this point
and those unstable have been reconstructed. The matter dominated era in vacuum f(7') gravity, after
numerical investigation, has provided stable attractor point which describes a phantom evolution like
dark matter dominated era. The second great and final step of the present work has also been based
on the same previous analysis but now in the context of non-vacuum f(7T') gravity. In this case and
according to the used equation of motion, the radiation has been added to f(7") gravity. Despite this
addition, the numerical analysis for m = 0 reveals an asymptotic stable de Sitter attractor around
which the variable describing the radiation pressure vanishes. This result, also met in the case of
the vacuum f(T') gravity, holds physically because at the de Sitter point, neither the mass nor the
radiation perfect fluids dominate the evolution. Finally, matter dominated era case in non-vacuum
f(T') gravity, has given not only unstable fixed point but also an asymptotic stable and probably
attractor point which describes dark energy dominated era. At this phantom point, the radiation
variable goes asymptotically to zero.
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