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In a previous work, we started investigating the concept of hyperconvexity in quasipseudometric
spaces which we called g-hyperconvexity or Isbell-convexity. In this paper, we continue our studies
of this concept, generalizing further known results about hyperconvexity from the metric setting to
our theory. In particular, in the present paper, we consider subspaces of g-hyperconvex spaces and
also present some fixed point theorems for nonexpansive self-maps on a bounded g-hyperconvex
quasipseudometric space. In analogy with a metric result, we show among other things that a
set-valued mapping T* on a g-hyperconvex Ty-quasimetric space (X, d) which takes values in the
space of nonempty externally g-hyperconvex subsets of (X, d) always has a single-valued selection
T which satisfies d(T'(x), T(y)) < du(T*(x),T*(y)) whenever x, y € X. (Here, dy denotes the usual
(extended) Hausdorff quasipseudometric determined by d on the set Py (X) of nonempty subsets
of X.)

1. Introduction

In a previous work, we started investigating a concept of hyperconvexity in quasipseu-
dometric spaces, which we called g-hyperconvexity or Isbell-convexity (see [1], compare
[2]). In this paper, we continue our studies of this concept by generalizing further known
results about hyperconvexity from the metric setting to our theory. Among other things,
in the present paper we consider subspaces of g-hyperconvex spaces and also present
some fixed point theorems. In particular, we show that a set-valued mapping T* on a
g-hyperconvex Typ-quasimetric space (X,d) which takes values in the space of nonempty
externally g-hyperconvex subsets of (X,d) always has a single-valued selection T which
satisfies d(T(x),T(y)) < du(T*(x), T*(y)) whenever x,y € X. (Here, dy denotes the usual
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(extended) Hausdorff quasipseudometric determined by d on the set Py(X) of nonempty
subsets of X.)

Our investigations confirm the surprising fact that many classical results about
hyperconvexity in metric spaces do not make essential use of the symmetry of the metric
and, therefore, still hold—in a sometimes slightly modified form—for our concept of g-
hyperconvexity in quasipseudometric spaces (see also [3] for a more general approach).

For the basic facts concerning quasipseudometrics and quasiuniformities we refer the
reader to [4, 5]. Some recent work about quasipseudometric spaces can be found in the
articles [6-9].

2. Preliminaries
In order to fix the terminology, we start with some basic concepts.

Definition 2.1. Let X be asetand letd : X x X — [0,00) be a function mapping into the set
[0, 20) of the nonnegative reals. Then, d is called a quasipseudometric on X if

(a) d(x,x) = 0 whenever x € X,

(b) d(x,z) <d(x,y) +d(y, z) whenever x,y,z € X.

We will say that d is a Tyo-quasimetric provided that d also satisfies the following
condition: for each x,y € X,

d(x,y) =0=d(y,x) implies that x = y. (2.1)

Remark 2.2. Let d be a quasipseudometric on a set X, then d™! : X x X — [0, c0) defined
by d"'(x,y) = d(y,x) whenever x,y € X is also a quasipseudometric, called the conjugate
quasipseudometric of d. As usual, a quasipseudometric d on X such that d = d™! is called a
pseudometric. Note that for any (Ty)-quasipseudometric d, the function d* = max{d,d!} =
d v d is a pseudometric (metric).

For any a,b € [0, 0), we will set a~b = max{a - b,0}.

Let (X, d) be a quasipseudometric space. For each x € X and € > 0, the set Bs(x,¢) =
{y € X :d(x,y) < e} denotes the open e-ball at x. The collection of all “open” balls yields a
base for a topology 7(d). It is called the topology induced by d on X. Similarly, for each x € X
and € > 0, we define the ball C4(x,e) = {y € X : d(x,y) < €}. Note that this latter set is
7(d™!)-closed, but not 7(d)-closed in general. As usual, in the theory of quasiuniformities,
for a subset A of X and ¢ > 0, we will also use notations like B4(A, €) = Uzea Ba(a, €) and
similarly C4(A, €) = Uzea Cala, €).

A pair (C4(x,r); C41(x, s)) with x € X and nonnegative reals r, s will be called a double
ball at x.

We shall also speak of a family [(Ca(xi, 7i))ics (Ca1 (xi, Si))ier] of double balls, with
x; € X and r;,s; > 0 wheneveri € I.

Let (X,d) be a quasipseudometric space and let Jy(X) be the set of all nonempty
subsets of X. Given C € pPy(X), we will set dist (x,C) = inf{d(x,c) : ¢ € C} and
dist (C,x) =inf{d(c, x) : ¢ € C} whenever x € X.
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For any A, B € Dy(X), we set

dy(A,B) = max{sup dist(A, b), sup dist(a, B)} (2.2)

beB acA

(compare [10]).

Then dp, is the so-called extended (as usual, a quasipseudometric that maps into
[0, 00] (instead of [0,00)) will be called extended) Hausdorff(-Bourbaki) quasipseudometric on
Po(X). It is known that dp is an extended Ty-quasimetric when restricted to the set of all the
nonempty subsets A of X which satisfy A = cl;@)A Nclyg1)A (compare [11, page 164]).

Amap f: (X,d) — (Y, e) between two quasipseudometric spaces (X,d) and (Y, e)
is called an isometry or isometric map provided that e(f(x), f(y)) = d(x,y) whenever
x,y € X. Two quasipseudometric spaces (X, d) and (Y, e) will be called isometric provided
that there exists a bijective isometry f : (X,d) — (Y,e). Amap f : (X,d) — (Y,e)
between two quasipseudometric spaces (X, d) and (Y, e) is called nonexpansive provided that
e(f(x), f(y)) <d(x,y) whenever x,y € X.

The following definitions can be found in [1] (compare [12]).

Definition 2.3 (see [1, Definition 2]). A quasipseudometric space (X,d) is called g-
hyperconvex (or Isbell-convex) provided that for each family (x;),;; of points in X and
families (r;);c; and (s;);c; of nonnegative real numbers satisfying d(x;, x;) < r; + s; whenever
i,j € I, the following condition holds:

()(Ca(xi, i) N Caoi (xi, 51)) # 0. (2.3)

i€l

Definition 2.4 (see [1, Definition 5]). Let (X, d) be a quasipseudometric space. A family of
double balls [(Ca(x;,7i))icr; (Ca-1(xi, Si))ier] with 75,8 € [0,00) and x; € X whenever i € I
is said to have the mixed binary intersection property if for all indices i,j € I, Cq(x;,7;) N
Cd—l (x]-, S]') 7& w

Definition 2.5 (see [1, Definition 6]). A quasipseudometric space (X,d) is called g-
hypercomplete (or Isbell-complete) if every family

[(Ca(xi, 7i))ier; (Ca1(xi, 8i)) ier] (2.4)

of double balls, where r;,s; > 0 and x; € X whenever i € I, having the mixed binary
intersection property satisfies (;c;(Ca(xi, i) N Cy1(xi, 5:i)) #0.

Definition 2.6 (see [1, Definition 4]). Let (X, d) be a quasipseudometric space. We say that X
is metrically convex if for any points x,y € X and nonnegative real numbers r and s such
that d(x,y) < r + s, there exists z € X such that d(x,z) <rand d(z,y) < s.

The following useful result was established in [1, Proposition 1]. A quasipseudometric
space (X, d) is g-hyperconvex if and only if it is metrically convex and g-hypercomplete.

As usual, a subset A of a quasipseudometric space (X,d) will be called bounded
provided that there is a positive real constant M such that d(x,y) < M whenever x,y € A.
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Note that a subset A of (X, d) is bounded if and only if there are x € X and r, s > 0 such that
ACCy(x,r)NCyi1(x,s).

3. Some First Results

Proposition 3.1 (compare [13, Proposition 4.5]). Let (X, d) be a g-hyperconvex quasipseudometric
space. Let (x;);c; be a nonempty family of points in X and let (r;);c; and (s;)ic; be two families of
nonnegative reals such that d(x;, x;) < ri +sj. Set D = (N;¢;(Ca(xi, 1) N Cg1 (x4, 8i)). Then D is
nonempty and q-hyperconvex.

Proof. Note first that D # @ by g-hyperconvexity of X. For each a € S, let x, € D and let ,, 5,
be nonnegative reals such that d(x4, xp) < 7o + sy whenever a,p € S.
We show that the family

[(Ca(xq, rtx))aeSl (Calxi, ri))ieI; (Car (xa, Stx))aeS/ (Ca (i, Si))iel] (3.1)

satisfies the hypothesis of g-hyperconvexity. Indeed, in particular, for each « € Sand i € I,
we have that d(x,, x;) <s; <r,+s;and d(x;, x,) <1; <1 + Sy-

Hence, by g-hyperconvexity of X, we have that

0% ()(Calxi, ) 0 Ca (xi,5)) N () (Caxar ) N Cas (X 52))

i€l aesS
(3.2)
=Dn ﬂ (Ca(xq, 7o) NCya(Xa, Sa))-
a€es
Hence, the subspace D of X is g-hyperconvex. O

Let (X, d) be a quasipseudometric space. For a nonempty bounded subset A of X, we
set

bicov (A), =({Ca(x,r): ACCa(x,7), x€X, r >0},
(3.3)
bicov (A)_ = ﬂ{Cdfl (x,8) : ACCy(x,s), x€ X, s>0}.

Furthermore, we define the bicover of A by bicov (A) := bicov (A), N bicov (A)_.

A nonempty bounded set A in a quasipseudometric space (X, d) that can be written as
the intersection of a nonempty family of sets of the form C4(x, e1)NCy1(x, €2) where €1, €, > 0
and x € X, thatis, A = bicov A, will be called g-admissible in the following. By &/,(X), we
will denote the set of g-admissible subsets of X. Note that if (X, d) is g-hyperconvex, then any
member of &4,(X) is g-hyperconvex in the light of Proposition 3.1.

Let (X, d) be a quasipseudometric space and let A be a nonempty bounded subset in
(X, d). Then, in accordance with [13, page 79], we can define the cover cov A of A as follows:
cov A ={Ca(x):ACCs(x),x € X}. Obviously, we have A C bicov (A) C cov (A). The
latter inclusion can be strict, as our first example shows.

Example 3.2. Let X = [0,1] x [1/4,3/4] be equipped with the Ty-quasimetric d defined by
d((a, p), (@, p)) = (a=a’) v (B=p') whenever (a, ), (&, ') € X.
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Consider A = {(0,1/2),(1,1/2)} € X. Then, bicov (A) is equal to the line segment
in X from x = (0,1/2) to y = (1,1/2). This follows from the fact that, for each ¢ € [0,1/4],
we have x € [0,1] x [1/4,(1/2) + €] = C4a(y,€) and y € [0,1] x [(1/2) — €,3/4] = Ca(x,€),
and that the line segment is a subset of any set of the form Cy(a,r) N C41(b,s) for which
{x,y} € Ca(a,r) NCya(b,s). Indeed, assume that the point z belongs to this segment. Then
d(z,y) =0 =d(x,z) and, therefore, z € C4(a, r) N C41(b, s) by the triangle inequality.

On the other hand, cov(A) = X, since {x,y} C Cys(z,€) with z € X implies that
€ > 1/2. Indeed, assume that z = (a,b) € X. Then, a < d°((a,b),(0,1/2)) <eand 1-a <
d*((a,b),(1,1/2)) < e. Thus, € > max{a,1 —a} > 1/2 with a € [0,1]. In the light that the
interval [1/4,3/4] has length 1/2, it follows that X C Cg:(z, €). Therefore, cov(A) = X.

By the results of [1, Example 1], (bicov(A), d) is g-hyperconvex, while the metric space
(bicov(A), d?) is hyperconvex [1, Proposition 2], but not g-hyperconvex (see [1, Example 2]).

The following result gives a quasipseudometric variant of a well-known result usually
attibuted to Sine [14] (compare also [15]).

Theorem 3.3. If (X, d) is a bounded g-hyperconvex To-quasimetric space and if T : (X, d) — (X, d)
is a nonexpansive map, then the fixed point set Fix(T) of T in (X, d) is nonempty and g-hyperconvex.

Proof. We first show that Fix(T) #0. Note that T : (X,d°) — (X, d®) is nonexpansive, since
forany x,y € X, we have d(Tx,Ty) < d(x,y) and d(Ty, Tx) < d(y, x), and thus d°(Tx, Ty) <
d®(x,y). By assumption (X, d®) is bounded. Furthermore, (X, d®) is a hyperconvex space
according to [1, Proposition 2]. So, by [13, Theorem 4.8], we know that T has a fixed point
and Fix(T) is hyperconvex in (X, d°).

We need to show that Fix(T) is indeed g-hyperconvex. Let

[(Calxi, 11))ier; (Ca (i, 8i))ier] (3.4)

be a nonempty family of double balls, where x; € Fix(T) and (7;);; and (s;);c; are two
families of nonnegative reals such that d(x;, x;) < r; + s; whenever i,j € I. Since X is a g-
hyperconvex Ty-quasimetric space, the set

Xo = (\(Calxi,7i) N Cg (xi,5:)) #0. (3.5)

iel
Let x € Xy. Then, d(T(x), x;) = d(T(x), T(x;)) < d(x,x;) <s;and
d(xi, T(x)) = d(T(x;), T(x)) < d(xi,x) <7i (3.6)

whenever i € I. Thus, T(x) € Xy and we have T : Xy — X,.

Moreover, X is a bounded g-hyperconvex Ty-quasimetric space by Proposition 3.1. So
the first part of the proof implies that T has a fixed point in Xy, which implies that Fix(T) N
[Nicr(Calxi, 1) N Ca1 (x4, 5i)] #0. We have shown that Fix(T) is g-hyperconvex. O

4. Chains of g-Hyperconvex Subspaces

In this section, we will prove the analogue of a famous theorem due to Baillon [16].
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Theorem 4.1. Let (X, d) be a bounded Ty-quasimetric space and let (H;);c; be a descending family of
nonempty q-hyperconvex subsets of X, where one assumes that 1 is totally ordered such that i1,i, € I
and iy < iy hold if and only if H;, C H;,. Then, (\;c; H; is nonempty and g-hyperconvex.

Proof. We begin by showing that (;; H; # 0. We first note that (X, d®) is a bounded metric
space and (H;);c; is a descending chain of hyperconvex sets in (X, d°) by [1, Proposition 2].
By the well-known result of Baillon [16, Theorem 7], we conclude that ";c; H; is nonempty
and hyperconvex in (X, d°).

In order to complete the proof, we need to show that H = (,; H; is g-hyperconvex. Let
a nonempty family (x4),cs of points in H and families of nonnegative real numbers (74) s
and (s,) ,cs be given such that d(x,, x5) < 7, + sp whenever a, € S. Fix i € I. Since H; is a
g-hyperconvex space and since x, € H; whenever a € S, therefore, ®; = (),c5(Ca(xa, 72) N
C4-1(x4, 54)) N H; is nonempty and g-hyperconvex by the proof of Proposition 3.1 and thus a
hyperconvex subset of (X, d°) by [1, Proposition 2].

Thus by the first part of our present proof,

67 (2= [ﬂ (Ca(xa, 7a) N Ca1 (Xa, 5a)) N Hi]

iel i€l LaeS

(4.1)
= ﬂ (Cd (xvu ra) NCy (xm Sa)) N m H;,
a€s iel
since (9;);cs is descending. This proves that H = (",¢; H; is g-hyperconvex. O

Definition 4.2. Let (X,d) be a To-quasimetric space and let a family of nonexpansive maps
(Ti)jer, with T; @ (X, d) — (X,d), be given. We say that (T}),; is a commuting family if
T;oT; =T; o T; whenever i, j € I.

Our next lemma is motivated by [16, Corollary 8].

Lemma 4.3. If (Hg) g is a family of bounded g-hyperconvex subsets of a To-quasimetric space X
such that (\,er Ha is nonempty and g-hyperconvex whenever F C S is finite, then the intersection
Naes Ha is nonempty and g-hyperconvex.

Proof. Consider F = {I C S:forall ] finite, ] C S, (;,; Ha is nonempty and g-hyperconvex}.

Obviously § € ¥ and ¥ satisfies the hypothesis of Zorn’s lemma because of
Theorem 4.1. Let I be maximal in ¥. Then, I U {a} € F whenever a € S. Because of the
maximality of I, we, therefore, have a € I whenever a € S. ]

The next result is a consequence of Theorems 3.3 and 4.1. It is analogous to [17,
Theorem 6.2].

Theorem 4.4. Let (X, d) be a bounded g-hyperconvex Ty-quasimetric space. Any commuting family

of nonexpansive maps (T;);e;, with T; : (X, d) — (X, d), has a common fixed point. Moreover, the
common fixed point set

(Eix(T), (4.2)

i€l

is g-hyperconvex.
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Proof. We observe that (X, d°) is a bounded hyperconvex metric space by [1, Proposition 2],
and for each i € I, the map T; : (X,d®) — (X, d®) is nonexpansive, as we noted before (see
proof of Theorem 3.3). By Theorem 3.3, each T; has a fixed point. Hence, there is x € X such
that T;(x) = x. We now show that, given any j € I, we have that T; (Fix(T;)) C Fix(T;) Indeed,
if for some x € X, we have x = T;(x), then Tj(x) = T;(Ti(x)) = T;(T;(x)). So T;(x) € Fix(T;).

By Theorem 3.3, we conclude that T; : Fix(T;) — Fix(T;) has a fixed point y € Fix(T;),
which then is a fixed point of T; and T;. Therefore, the set of common fixed points of
T; and T; is g-hyperconvex by Theorem 3.3. Hence, by induction for each finite family
(Ti);cr of nonexpansive self-maps on X the set of common fixed points is nonempty and
g-hyperconvex.

Since N;cr Fix(T;) is nonempty subset and g-hyperconvex whenever F is a finite subset
of I, by Lemma 4.3 we conclude that (;.; Fix(T;) is nonempty and g-hyperconvex. O

5. Approximate Fixed Points

In this section, we investigate the approximation of fixed points by generalizing some
results from [13] (compare [18]). We first define an e;, e;-parallel set of a subset in a
quasipseudometric space similarly to [13, page 89].

Definition 5.1. Let (X, d) be a quasipseudometric space. Given a subset A of X, we define for
€1,€2 > 0 the €1, e;-parallel set of A as

Neye,(A) = U (Ca(a,e2) NCy1(a, €1)). (5.1)

acA

(Note that for each € > 0 in particular N¢¢(A) = Uzca Cas(a, €).)

Thus, x € Ng, . (A) if and only if there exists a € A such that d(a,x) < e, and
dY(a,x) <e.

We next give a characterization of N, . (A) if A is a g-admissible set in a g-
hyperconvex quasipseudometric space (compare [13, Lemma 4.2]).

Lemma 5.2. Let (X, d) be a g-hyperconvex quasipseudometric space and let A be a g-admissible
subset of X, say 0# A = Nieg(Ca(xi, i) N Cy1(xi, 81)) with x; € X and r;, s; nonnegative reals
whenever i € I Q. Then, for each €1,€, > 0,

Neye,(A) = ﬂ(cd(xirri +€) NCya(xj, si +€1)). (5.2)

iel

Proof. Suppose that y € N, ,(A). Then, d(a,y) < e, and d(y, a) < €1 for some a € A. But for
eachiel,

d(xi,y) <d(xi,a)+d(a,y) <ri+e€,
(5.3)
d(y,x;)) <d(y,a) +d(a,x;) < €1 +si.

Then, for each i € I, we have y € Cy(x;, i + €2) and y € Cya(xi,s5; + €1). This proves that
Ney e, (A) € Nier (Calxi, i + €2) N Cy1(xi, 85 + €1))-
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Now suppose that iy € (;c;(Ca(xi, 7i + €2) N Cg1(x, i+ €1)) and leti € I.
Hence,

d(x;,y) <ri+e,
(5.4)
d(y,xi) <e1+s;.

By definition of A and the triangle inequality, for any a € A and any i,j € I we must have
that

d(xi, xj) < d(xj,a) +d(a,xj) <ri+s;. (5.5)

Hence, [(Ca(xi, 1i))icr, Ca(y,€1); (Car1(xi,5i))icr, Car (v, €2)] satisfies the hypothesis in the
definition of g-hyperconvexity of (X, d).
So, by g-hyperconvexity of X,

@# <m Cd(xi,r,-)> ﬂCd(y,el) N <ﬂ Cy (xi, Si)> N Cya (y, 62)

i€l i€l

= (\(Ca(xi,7) N Ca1 (xi,51)) N (Ca(y, €1) N Cai (y, €2)) (5.6)

i€l

= AN (Ca(y,e1) NCy1(y,€2)).

Therefore, there is a € A such that d(y, a) < e; and d(a, y) < €. Hence, y € N, ., (A)
and the proof is complete. O

The following lemma will be needed in our discussion below of approximate fixed
point sets.

Lemma 5.3 (compare [13, Lemma 4.3]). Suppose that (X,d) is a g-hyperconvex Ty-quasimetric
space and let A be a g-admissible subset of X. Then, for each e1,€; > 0 there is a nonexpansive
retraction R of N, ¢,(A) onto A which has the property that d(x, R(x)) < €1 and d(R(x),x) < €3
whenever x € Ng, ¢,(A).

Proof. Assume @# A = (N;c; (Ca(xi, 1) N Cy1(x;i, 5i)) with I #0. By Lemma 5.2, we know that
N¢, e, (A) is g-admissible in (X, d) and so N¢, ., (A) is itself g-hyperconvex by Proposition 3.1.
Consider the family ¢ = {(D,Rp) : A € D € Ng,¢,(A) and Rp : D — A is a nonexpansive
retraction such that d(x, R(x)) < ¢; and d(R(x), x) < e; whenever x € D}.

Let Id denote the identity map on A. Note that (A,Id) € ¥. So ¥ #0. If one partially
orders ¥ in the usual way ((D, Rp) < (H, Ry) if and only if D C H and Ry is an extension
of Rp), then each chain in (¥, <) is bounded above. So by Zorn’s lemma % has a maximal



Journal of Function Spaces and Applications 9

element which we denote by (D, Rp). We need to show that D = N¢, ,(A). Suppose that
there exists x € N, ¢, (A) such that x ¢ D, and consider the set

C= [ () (Ca(Rp(w), d(w, x)) N Cg- (RD(w)/d(xrw)))]
weD

(5.7)
N [ﬂ(cd (xi,17) N Cyr (xi, s,-))] N [Ca(x,e1) N Cy(x,€2)].

iel

First, we want to show that C #, and in order to do this by [1, Proposition 1], we need only
to show that the family

[(Ca(Rp(w), d(w, x)))wep, (Calxi, 11)ier, Calx, €1);

(5.8)
(Ca1 (Rp(w), d(x,0))) wep, (Cat (Xi 81))ier, Cat (%, €2)]
of double balls has the mixed binary intersection property.
First note that if w, w, € D, then
d(RD (wl), Rp (wz)) < d(wl, wz) < d(wl, x) + d(x, wg). (59)

Therefore, C4(Rp(w1),d(w1, x)) and C41(Rp(ws), d(x, w,)) intersect by metric convexity of
(X, 4d).

Furthermore, by the definition of A, for each i,j € I, we see that Cy(x;,7;) and
Cg1(xj, sj) intersect.

Also for each w € D, Rp(w) € A = i1 (Ca(xi, 1;) N Cy1(x4, 51)). Hence, for any w € D
and i € I, C4(Rp(w),d(w, x)) and Cy1(x;j, s;) intersect, as well as for any w € D and i €
I, C41(Rp(w),d(x,w)) and C,(x;, ;) intersect.

Since

X € Ne, ey (A) = [ \(Calxi, 11 + €2) N Cyrr (xi, 51 + €1)), (5.10)

i€l

by Lemma 5.2 there is a € A such that x € Cy4(a, e2) N C41(a, €1) and, therefore, (Cy(x,€1) N
Ca1(x,€)) N (Cy(x;, 1) NCy(xi, ;) #0 whenever i € I.
Finally, if w € D, then by assumption on Rp,

d(Rp(w),x) < d(Rp(w),w) +d(w, x) < e; + d(w, x),
511
d(x, Rp(w)) < d(x,w) + d(w, Rp(w)) < d(x,w) + €. G0

Thus, by metric convexity of (X, d), we have that C4(Rp(w), d(w, x)) and C4-1(x, €2) intersect
as well as Cy-1 (Rp(w), d(x,w)) and C;(x, €1) intersect.
Of course, C4(x, €1) and Cy-1(x, €3) intersect.
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We have shown that the family

[Ca(Rp(w), d(w, X)) yep, (Calxi, 1i))icr, Calx, €1) ;
Ca1(Rp(w), d(x,w))yep, (Ca1(Xi, i) icr, Car (x, €2)]

(5.12)

of double balls has the mixed binary intersection property.
Hence, §#C C A. Now, let u € C and define R' : D U {x} — A by setting R'(w) =
Rp(w) if w € D and R'(x) = u. Then, for each w € D, we have

d(R (x),R'(w)) = d(u, Rp(w)) < d(x,w),
5.13
d(R'(w), R (x)) = d(Rp(w), u) < d(w, x), 619

so that R’ is nonexpansive. Also, d(R'(x),x) = d(u,x) < € and d(x,R'(x)) = d(x,u) < €.
Therefore, we conclude that the pair (D U {x}, R') contradicts the maximality of (D, Rp) in
(¥,<). Consequently, D = N¢, ,(A) and we are done. O

Definition 5.4 (compare [19] and [20]). Let (X, d) be a Ty-quasimetric space. We say that a
map T : (X,d) — (X, d) has approximate fixed points if inf,exd®(x, T(x)) = 0.

Definition 5.5. Let (X, d) be a Ty-quasimetric space. Foramap T : (X,d) — (X,d) and for
any €1, € > 0, we use Fe, ¢, (T) to denote the set of €1, e,-approximate fixed points of T; that is,
Feeo(T)={x€eX:d(x,T(x)) <eand d(T(x),x) < e1}.

Theorem 5.6 (compare [13, Theorem 4.11]). Suppose that (X,d) is a g-hyperconvex To-
quasimetric space and that the map T : (X,d) — (X,d) is nonexpansive. Furthermore suppose
that for some €1, € > 0 one has that Fe, ¢,(T) is nonempty. Then, the set Fe, ¢,(T) is g-hyperconvex.

Proof. For each i in some nonempty index set I, let x; € F¢, ., (T), and letr; > 0 and s; > 0
satisfy

d(x,', x]') <ri+s;. (5.14)
We need to show that
[ﬂ(Cd(xi, i) N Cy(x;, si))] N Fep e, (T) # 0. (5.15)
icl
We know that 0#] = (Vi (Calxi,1i) N Cyaa(xi,si)) is g-hyperconvex according to

Proposition 3.1, since (X, d) is g-hyperconvex. Furthermore, J is obviously bounded in (X, d).
Also, if x € J, then for each i € I,

d(x;, T(x)) <d(x;, T(x;)) +d(T(x;), T(x)) < e +d(x;,x) <€+,
5.16
A(T(x),x;) <d(T(x),T(x;)) +d(T(x;),x;) <d(x,x;) + €1 <5; + €1. ( )



Journal of Function Spaces and Applications 11

This proves that T(x) € Ng ¢ (J) by Lemma 5.2. Now, by Lemma 5.3, there is a
nonexpansive retraction R of N, .,(J) onto J for which d(R(x),x) < e, and d(x, R(x)) < €;
whenever x € N, ,(J). Also since R o T is a nonexpansive map of | into J, it must have a
fixed point by Theorem 3.3.

Suppose that (R o T)(xg) = xo for some xy € J. Then,

d(xo, T(x0)) = d((Ro T)(x0), T(x0)) < €2, 517
d(T (x0), x0) = d(T(x0), (R T)(x0)) < e1. '

Thus, the proof is complete, since xg € J N Fe, ¢, (T). O

6. External g-Hyperconvexity

We next define an externally g-hyperconvex subset of a quasipseudometric space (X, d) in
analogy to [17, Definition 3.5]. Note that this definition strengthens the concept of a g-
hyperconvex subset of (X, d) (compare also [21, Definition 3]).

Definition 6.1. Let (X, d) be a quasipseudometric space. A subspace E of (X, d) is said to be
externally g-hyperconvex (relative to X) if given any family (x;);c; of points in X and families
of nonnegative real numbers (r;);c; and (s;);c; the following condition holds:

if d(x;,xj) < r; +s; whenever i,j € I, dist(x;, E) < r; and dist(E, x;) < s; whenever
i €I, then N,/ (Ca(xi, ;) N Cy1(xy,5:)) NE#D.

In the following, &,(X) will denote the set of nonempty externally g-hyperconvex
subsets of (X, d).

Example 6.2 (compare [21, Theorem 7]). Let E be a nonempty externally g-hyperconvex
subset in a quasipseudometric space (X, d) and let x be any point of X. Set dist(x,E) = r
and dist(E,x) = s. Then, by applying external g-hyperconvexity of E to the double ball
(Ca(x,r);Cza(x,s)), we conclude that there is p € C4(x,7) N Cy1(x,s) N E. Thus, d(x,p) =
dist(x, E) and d(p, x) = dist(E, x).

Lemma 6.3 (compare [17, Lemma 3.8]). Let (X,d) be a g-hyperconvex space and let x € X.
Furthermore, let O # A = (;ey(Ca(xi, ;) NCy-1(xi, 5i)) where (x;);¢; is a nonempty family of points in
X and (17);c; and (s;);cp are families of nonnegative reals. Then, there is p € A such that dist(x, A) =
d(x,p) and dist(A, x) = d(p, x).

Proof. Evidently,

[(Ca(xi, 7i))ier, (Calx, dist(x, A) + €)) eso;
(Cd“ (xir Si))ieIr (Cal‘1 (.X', diSt(A, .X') + e))e>0]

(6.1)
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satisfies the mixed binary intersection property. Thus, there is

p € ANCy(x,dist(x, A)) N Cym (x,dist(A, x)) (6.2)

by g-hyperconvexity of (X, d). Obviously, p then satisfies the stated condition. O

The following lemma, which makes use of Lemma 6.3, will be useful in the proof
of Theorem 6.5. Considering the case that E = X, we see that Lemma 6.4 improves on
Proposition 3.1.

Lemma 6.4 (compare [18, Lemma 2]). Let (X, d) be a g-hyperconvex quasipseudometric space.
Suppose that E C X is externally g-hyperconvex relative to X and suppose that A is a q-admissible
subset of (X, d) such that EN A#@. Then E N A is externally g-hyperconvex relative to X.

Proof. Assume that a given nonempty family (x,),.s of points in X and families of
nonnegative real numbers (7,) 5 and (sa) 55 satisty d(xq, xp) < 74 + 5p, dist(x,, ANE) <1y,
and dist(ANE, x,) < s, whenever a, f € S.

Since A is g-admissible, @ # A = ;e (Ca(xi, 1) N Cy1 (x4, 5;)) with x; € X and 1,5 > 0
whenever i € I. Because dist(x,, A) < dist(x,, ANE) <r,and dist(A, x,) < dist(ANE, x,) <
sq Whenever a € S, it follows that for each « € S, i € I and for p € A chosen according to
Lemma 6.3 we have

A(xa,x;) < d(xa,p) +d(p, xi) <Ta+si,

(6.3)
d(xi, x,) < d(xi,p) +d(p,xa) < 1i + Sa.
Also, since for eachi € I, A C Cy(x;, ;) N C4-1(x;, s;), and since A N E #, it follows that
dist(x;, E) <r;,
(6.4)

dist(E, x;) < sj,

and that d(x;, x;) < r; + s; whenever i,j € I. Trivially, we have dist(x,,E) < r, and
dist(E, x,) < s, whenever a € S.
Therefore, by external g-hyperconvexity of E, we conclude that

[ﬂ(Cd(xi, 1i) N Ca(xi, Si))] n [ﬂ (Ca(xa,72) N Ca1(Xa,82)) N E]

iel aesS (65)
= [\(Ca(xa, 7a) N Ca1 (Xa, 5)) N (ENA) #0.
aEsS
Thus, the proof is complete. O

We next show that the intersection of a descending family of externally g-hyperconvex
nonempty subspaces of a bounded g-hyperconvex Ty-quasimetric space behaves as expected.
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Theorem 6.5 (compare [18, Theorem 4]). Let (X, d) be a bounded g-hyperconvex Ty-quasimetric
space. Moreover, let (X;);c; be a descending family of nonempty externally g-hyperconvex subsets of
X, where 1 is assumed to be totally ordered such that i1,i, € I and iy < i if and only if X;, C Xj,.
Then (Nier Xi is nonempty and externally g-hyperconvex relative to X.

Proof. Theorem 4.1 implies that D = ;¢; Xi#0. In order to show that D is externally g-
hyperconvex, let a nonempty family (x,),cs of points in X and families of nonnegative real
numbers (74),cs and (sq) 5 be given such that d(x,, xp) < 7, + sp, and dist(x,, D) < r, and
dist(D, x,) < s, whenever a,p € S.

Since X is g-hyperconvex, we know that A := (,c5(Ca(Xa, 7a) N Ch-1(Xq, Sa)) # 0. Also,
since for each a € S, dist (x,,D) < ry and dist (D, x,) < s,, we have dist(x,, X;) < r, and
dist(Xi, x4) < s, wheneveri € I, so that, by external g-hyperconvexity of X;, we conclude that
ANX;#0wheneverie€l.

By Lemma 6.4, (A N X;);cr is a descending chain of nonempty (externally) g-hyper-
convex subsets of (X, d), so that again by Theorem 4.1 ;c;(ANX;) = AND#0. O

Let us note that the result stated in our abstract is a consequence of our next theorem.

Theorem 6.6 (compare [18, Theorem 1]). Let (H, d) be a g-hyperconvex Ty-quasimetric space, let
X be any set, and let a map T* : X — &,(H) be given. Then, there exists amap T : X — H for
which T (x) € T*(x) whenever x € X and for which d(T (x),T(y)) < du(T*(x),T*(y)) whenever
x,yeX.

Proof. Let ¥ denote the collection of all pairs (D,T), where D C X, T : D — H,T(d) € T*(d)
whenever d € D, and d(T(x),T(y)) < du(T*(x),T*(y)) whenever x,y € D. Note that F#0,
since ({xo},T) € F for any choice of xp € X and T (xg) € T*(xp). Define a partial order relation
on ¥ by setting (D1, T1) < (D,, T>) if and only if Dy € D5, and, T |p, = T1.

Let ((Dy, Ta)) 4eg be an increasing chain in (¥, <). Then it follows that ((Ues Do, T) € F
where T|D, = T,. By Zorn’s lemma, (¥, <) has a maximal element, say (D, T). Assume that
D #X and select xo € X \ D. Set D = DU {x¢} and consider the set

J = N Ca(T(x), du(T*(x), T*(x0))) 0 Car (T (x), dp (T (x0), T"ONINT*(%0). (6.6
xeD

Since T*(xo) € &,4(H), by definition of external g-hyperconvexity, | # 0 if for each x € D, we
have dist(T (x), T*(x0)) < du(T*(x), T*(x0)) and

dist(T"(x0), T(x)) < du(T"(x0), T"(x)), (6.7)
and for any x,y € D, also
d(T(x),T(y)) <du(T*(x),T"(x0)) + du (T"(x0), T"(y))- (6.8)

We are going to check that these conditions hold.
Let x € D. For each € > 0, we have T*(x) C B (T*(x0),dyg(T*(x), T*(xg)) + €) and
T*(x) C Ba(T*(x0), du(T*(x0), T*(x)) + €) by definition of the Hausdorff quasipseudometric.
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Since T(x) € T*(x), for each ¢ > 0, there is a € T*(xg) such that d(T(x),a) <
di(T*(x),T*(xp)) + €, and there is b € T*(xg) such that

d,T(x)) <du(T*(x0), T*(x)) + €. (6.9)

Therefore, dist(T(x), T*(x0)) < dy (T*(x), T*(x0)) and dist(T*(xp), T(x)) < dp (T*(x0), T*(x)).
We finally also note that by assumption on T, for each x, y € D we have that

d(T(x),T(y)) < du(T*(x),T*(y)) < du(T*(x), T*(x0)) + du (T*(x0), T*(y)).  (6.10)

Thus, we have shown that J #@. Choose y, € J and define
T(x) =1 if x = xp and T(x) =T(x)ifx € D.
Since for each x € D, d(T(xp), T(x)) = d(yo,T(x)) < du(T*(x0), T*(x)) and

d(T(x),T(x0)) = d(T(x),y0) < du(T*(x),T*(x0)), we conclude that (D U {x},T) € ¥,
contradicting the maximality of (D, T). Therefore, D = X. O

Corollary 6.7 (compare [18, Corollary 1]). Let (H,d) be a g-hyperconvex Ty-quasimetric space.
Moreover, let (X, p) be a To-quasimetric space, and suppose that T* : X — &,(H) is nonexpansive,
that is, dpy (T*(x), T*(y)) < p(x,y) whenever x,y € X. Then, there is a nonexpansive map T :
(X,p) — (H,d) for which T (x) € T*(x) whenever x € X.

Proof. Because T* is nonexpansive, the selection obtained from Theorem 6.6 is also non-
expansive. 0

Corollary 6.8 (compare [18, Corollary 2]). Let H be a bounded and g-hyperconvex Ty-quasimetric
space and suppose that T* : H — &,(H) is nonexpansive. Then T* has a fixed point, that is, there
exists x € H such that x € T*(x).

Proof. The existence of a fixed point for the nonexpansive selection T of T*, which exists by
Corollary 6.7, follows from Theorem 3.3. O

In the following theorem, we set Fix(T*) = {x € H : x € T*(x)}. According to
Corollary 6.8, Fix(T*) #0 if H is bounded and g-hyperconvex, and T* is nonexpansive.

Theorem 6.9 (compare [18, Theorem 2]). Let (H,d) be a g-hyperconvex Ty-quasimetric space,
let T* : H — &,(H) be a nonexpansive map and suppose that Fix(T*) #@. Then, there exists a
nonexpansive map T : H — H with T(x) € T*(x) whenever x € H and for which Fix(T) =
Fix(T*).

Proof. Let F denote the collection of all pairs (D, T), where Fix(T*) ¢ D ¢ H,T : D —
H,T(d) € T*(d) whenever d € D, T(x) = x whenever x € Fix(T*), and d(T(x),T(y)) <
d(x,y) whenever x,y € D. By assumption (Fix(T*),Id) € ¥, so ¥ #0. The argument now
follows from a modification of the proof of Theorem 6.6. One defines a partial order on ¥ by
setting (D1, T1) < (D»,Ty) if and only if Dy € D, and Ts|p, = T.
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Let ((Dg, Tx)) e be an increasing chain in (%, <). Then, it follows that (Uyes Do, T) € F
where T|p, = T, whenever a € S. By Zorn’s lemma, (¥, <) has a maximal element, say (D, T).
Assume D # H and find xo € H \ D. Set D = D U {x(} and consider the set:

J = ([Ca(T(x),d(x,x0)) N Cg1 (T (x), d(x0,x))] N T*(x0). (6.11)

xeD

Since T*(xo) € &,(H), by definition of external g-hyperconvexity, | #@ if for each x € D, we
have dist(T (x), T*(x0)) < d(x,x0) and dist(T*(xp), T(x)) < d(x9,x), and for any x,y € D we
have d(T(x), T(y)) < d(x, xo) +d(xo,y).

We are going to check these conditions next. Let x € D. For each ¢ > 0, we
have T*(x) C By (T*(xg), dy(T*(x),T*(x0)) + €) C Bg1(T*(x0),d(x,x9) + €) and T*(x) C
Ba(T*(x0),du (T*(x0), T*(x)) + €) C Ba(T*(x0),d(x0,x) + €) by definition of the Hausdorff
quasipseudometric.

Since T(x) € T*(x), for each € > 0, there is a € T*(xp) such that d(T(x), a) < d(x, xp) +¢,
and there is b € T*(x() such that d(b, T(x)) < d(xp,x) + €. Therefore, dist(T(x), T*(xp)) <
d(x, x0) and dist(T*(xg), T(x)) < d(xo, x).

We finally also note that by assumption on T for each x,y € D we have that
A(T(x), T(y)) < d(x, ) < d(x, x0) + d(xo, ).

Thus, we have shown that J #0. Choose 1y, € J and define T(x) = yp if x = x9 and
T(x) =T(x)if x € D.

Since for each x € D, d(T(x), T(x)) = d(yo, T(x)) < d(xo, x) and

d(T(x), T(x0)) = d(T(x), yo) < d(x,x0), (6.12)

we conclude that (D U {xo},f) € ¥, contradicting the maximality of (D,T). Therefore, D =
H. O

We will next establish the g-hyperconvexity of the space of all bounded A-Lipschitzian
self-maps on a g-hyperconvex Ty-quasimetric space.

Theorem 6.10 (compare [18, Theorem 3]). Let (X, d) be a g-hyperconvex Ty-quasimetric space
and for A > 0 let F, denote the family of all bounded \-Lipschitzian self-maps on (X, d) equipped
with the To-quasimetric J(f, g) = sup, d(f(x), g(x)) whenever f,g € F.. Then (%L,cf) is itself a
g-hyperconvex Ty-quasimetric space.

Proof. We leave it to the reader to verify that d is an extended Ty-quasimetric on the set F,.

We next note that d is a Ty-quasimetric, since d does not attain oo. Indeed, let xg, x € X and
f, g € ¥1. Then,

d(f(x),g(x)) < |d(f(x),g(x)) = d(f (x0),8(x0))| + d(f (x0), §(x0))
< d°(f(x0), f(x)) +d°(g(x),g(x0)) +d(f (x0), g(x0)) (6.13)
< My + Mg +d(f (x0), §(x0))



16 Journal of Function Spaces and Applications

for some positive real constants My and Mg, since f and g are bounded. We conclude that

d(f, 8) #oo.

Suppose that (fz) s is a nonempty family of functions in ¥, and let

(ru)aeSf (Sa)aESI (6.14)

be families of nonnegative reals such that d( far fp) < 7o + sp whenever a, p € S. Then,
for each x € X, we have d(fa(x), fg(x)) < 7ra + sp whenever a, € S. So because of the
g-hyperconvexity of (X, d), we have that

J(x) = ((Ca(fa(®),72) N Car (fa(x), 52)) 0. (6.15)

aesS

Note that, by Lemma 6.4 applied to E = X, we see that J(x) € &;(X) whenever x € X.
We next show that dy(J(x),J(y)) < Ad(x,y) whenever x,y € X. To this end, it
suffices to show that for each x,y € X we have J(y) C Ca(J(x),Ad(x,y)) (ie., J(x) C

Ca(J(y), Ad(y, x)), and that J(x) € Ca1(J(y), Ad(x, y)).
Fix x,y € X. If z € J(x), then for each & € S, by the A-Lipschitzian condition satisfied

by fa,

d(z fa(y)) <d(z fa(x)) + d(fa(x), fa(y)) < d(2 fu(x)) + Ad(x,y) < 50+ Ad(x,Y),
d(fa(y),2) < d(fa(y), fa(x)) +d(falx),2) < Xd(y, x) + 10

(6.16)
By Lemma 5.2 applied to Nyj(x),1d(y,x)(J (v)), we then have
z € ([Ca(fa(y) 7a + Ad(y, x)) N Car (fa(y), 5o+ Ad(x,y))]
aES
(6.17)
= Ny rawo (J () = U [Ca(a,Ad(y,x)) N Can (a,Ad(x,y))].

ag](y)

Therefore, J(x) € Cq1(J(y),Ad(x,y)), and J(x) € Ca(J(y),Ad(y,x)) and thus J(y) C
Ca(J(x),Ad(x,y)) whenever x, y € X. Hence, our claim is verified.

In the light of Theorem 6.6 for each x € X, it is possible to find f(x) € J(x) so that we
get f € ¥y, since d(f(x), f(y)) <du(J(x),]J(y)) < Ad(x,y) whenever x,y € X. In particular,
we also note that f is bounded. Indeed, fix « € S. Then, for any x, y € X and some positive
real constant My, we have d(f (x), f(y) < d(f(x), fu(x)) +d(fa(0), fuly)) +d(faly), f)) <
Sa + My, + 1, by the choice of f. Thus, f is indeed bounded.

Since f € Npes(Ci(fa, 7a) NC 41 (fa, Sa)), we have shown that (¥, 67) is g-hyperconvex.

O

We conclude this article with a curious observation in the spirit of [18, Proposition 2].
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Proposition 6.11. Suppose that (X, d) is a bounded q-hyperconvex To-quasimetric space and let U =
Nicr(Ca(xi, 1) N Chr(xi,5:)) and V= Nicg(Ca(yi, 1i) N Ca1(yi, si)) with two nonempty families
(x1)ier, (¥i)ier of points in X and two families (1i);c1, (Si)ic; of nonnegative reals. Then, dy (V,U) <
sup{d(yi, x;) i€ I}.

Proof. Let puv = sup{d(x;,y;) : i € I} and similarly, let pyy = sup{d(yi, x;) : i € I}, and
let x € U. Then, for each i € I, d(x,y;) < d(x,x;) + d(x;, ;) < s;i + puv and d(y;, x) <

d(yi, xi) + d(xi, x) < pyu + ri. Consequently, x € ;1 (Ca(yi, ri + pvu) N Car (i, 5i + puv)) =
Usev (Cal(a, pvu) N Cy1(a, puv)) by Lemma 5.2.

Therefore, U C C4(V, pvu) and U C Cyz1(V, puv), and similarly, by interchanging U
and V, hence, V C C41 (U, pvir). We have shown that dg (V, U) < pvu. ]
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