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1 Introduction
In this work, we study the existence of solutions for the following nonlinear Dirichlet prob-

lem involving the p(x)-Laplacian operator:

—Aptt + V()| ul1™ 2y = f(x,u)  in £2,
u=0 onads2,

(1.1)

where £2 C RN is a smooth bounded domain, p,q,s : 2 — R* are continuous functions,
V € I*"(£2) has an indefinite sign, and f (x, £) is a Carathéodory function. Let us recall that
the p(x)-Laplacian operator A, is defined by

Appu = div(|VulPP2 V)
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and is an extension of the classical p-Laplacian operator obtained in the case where the
function p(x) is just a positive constant p. A growing interest in the study of the p(x)-
Laplacian operator has arisen during the last two decades, in regard to its involvement in
the modelings of a large number of phenomena. One can name for instance electrorheo-
logical fluids [30, 32, 36], elastic mechanics, flows in porous media and image processing
[11], curl systems emanating from electromagnetism [4, 7]. For more details, we refer to
Acerbi and Mingione [2] and Riizicka [32] about electrorheological fluids, and to Antont-
sev and Shmarev [5] about nonlinear Darcy’s law in porous media. Because of its nonho-
mogeneous feature, the p(x)-Laplacian operator is reasonably expected to be appropriate
for modeling nonhomogeneous materials. Recently, several works devoted to existence
problems for p-Laplacian operator have been naturally generalized to the case of p(x)-
Laplacian operator. In relevance with the present work are the papers in [1, 8, 9, 16, 17,
20, 21, 25, 27, 29] and the references therein. To the best of our knowledge, the earliest
paper that deals with the variable exponent case with V' =0 in (1.1) is the article by Fan
and Zhang (cf. [22]). Indeed, those authors studying the problem

-Apwu=f(x,u) in 2,
u=0 onads2,

(1.2)

proved by the mountain pass theorem and by the fountain theorem that problem (1.2)
admits respectively at least one nontrivial weak solution and infinitely many pairs of weak
solutions. In an earlier work, Dinca et al. (cf. [17]), using variational and topological meth-
ods, proved the existence and multiplicity of weak solutions for problem (1.2) for the case
p(x) = p (p is a constant). Their main tool was the mountain pass theorem of Ambrosetti
and Rabinowitz (cf. [3]). The approach for dealing with the case where V' > 0 is technically
similar to that of V = 0. In [8, 9], the authors considered problem (1.1) with V bounded
and p(-) = g(-) and proved the existence of nonnegative solutions using a mountain pass
theorem. Most of the results are derived from a B(x)-growth assumption on the nonlinear-
ity f(x,t) with additional assumptions preventing the range of p(-) to interfere with that
of B(-). Motivated by the works in [8, 9, 17, 20, 22, 25, 27], we study here the nonlinear
Dirichlet problem (1.1) when the function V(-) has an indefinite sign and belongs to the
generalized Lebesgue space L*¥(£2). We assume furthermore that p(-) # g(-) and the non-
linearity f (x, £) satisfies a 8(x)-growth assumption. The interest in this work is twofold: the
weight V is not bounded and may change sign, and besides the range of p(-) may interfere
with that of g(-) or B(-) as well. To the best of our knowledge, our setting is more general
than those of [8, 9, 22] and our method contrasts with other treatments of (1.1). The func-
tional framework is the generalized Lebesgue and Sobolev spaces with variable exponents
and our technique is based on a Z, symmetric version of the mountain pass theorem.
The remainder of this paper is organized as follows. In Section 2, we introduce some
technical results and formulate the required hypotheses on (1.1). Sections 3 and 4 are
devoted to the statement of our main results along with some auxiliary results and to their
proofs. In the appendix we present the appropriate version of the mountain pass theorem

related to our problem.
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2 Preliminaries and hypotheses

In order to study problem (1.1), some of the properties on variable exponent Lebesgue

spaces and Sobolev spaces, L’ (£2) and W?®(£2) respectively, are required and listed

below. We refer to [15, 23, 26] for exhaustive details on properties of those spaces.
Suppose that §2 is a bounded domain of RN with a smooth boundary 352. Let us denote

LY(2) = {p € L™(£2) :ess igfp(x) > 1},

C.(22)={p e C(R2):px) > 1 for every x € 2},
p~ =minp(x), p* =maxp(x) forpe C,(2),
xesf2 x€f2

M ={u: 2 — R:uis a measurable real-valued function}.

Definition 2.1 For any p € L°(£2), the variable exponent Lebesgue space LP9(£2) is de-
fined by

P9(R) = {ueM:/ |u|1’(x)dx<+oo}.
fo)

For any u € I’ (£2), we define the so-called Luxemburg norm on L®(2) by

p(*)

|u|p(.)=inf{k>0:/ 4
A

Throughout this paper, L?®(£2) will be endowed with this norm.
The modular, which is the mapping 0, : [P9(£2) — R defined by

dx < 1}.

0p() (1) = / |ulP™ dx,
2

is at many aspects an important tool in studying generalized Lebesgue—Sobolev spaces.

Remark 2.2 Variable exponent Lebesgue spaces have many properties similar to those
of classical Lebesgue spaces, namely they are separable Banach spaces and the Holder
inequality holds. The inclusions between Lebesgue spaces are also naturally generalized,
that is, if 0 < mes(£2) < oo and p, g are variable exponents such that p(x) < g(x) a.e. in 2,
then there exists a continuous embedding L™ (£2) < 1/®)(£2).

We recall below some statements whose details can be found in [18, 20, 23].
Let us denote by [P () the conjugate space of L”¥(£2), with ﬁ + ﬁ = 1. There
is a counterpart of the Holder inequality for variable exponent Lebesgue spaces when p €

L%°(82) in the literature (cf. [18]). We give below a version relevant to the need of this work.

Proposition 2.3 (Holder inequality)

uv|dx — + — J1Up)[VIp'() Ulp()IVIp' ()
2 o) e

Sor all u € IPW(2), v e LV D(2), and p,q € C,(2).
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Proposition 2.4 For p € C.(£2), we have the following:
min(|u|§(4), |u|§()) = Qp(-)(u) = max(|u|§(,), |u|§())

It is worth noticing that this relation between the norm and the modular shows an equiv-
alence between the topology defined by the norm and that defined by the modular.

Proposition 2.5 Let p and q be measurable functions such that p € C,(2) and pq €
L®(82). Let u € L19(2), u #0. Then

ot () Y
gy <1 = lule < (18P ) < Tulho,

12 : p*

Mooy =1 = 0 < |10 ) < Il

In particular, if p(x) = p is a constant, then
_ 1P

16t gy = 1ot
Definition 2.6 The variable exponent Sobolev space is defined by

WPN(2) = {u e IPY(R): |Vu| € IFP(2)),
with the norm

lllvpe) = 1VEellpe) + 2tlpc)s

N

where |Vu| = Zizl(g—Z)z.

Proposition 2.7 L’%(2) and W'*%)(2) are separable Banach spaces when p € LX(82),
reflexive and uniformly convex for p € L*°(82) and essinfg p(x) > 1.

Definition 2.8 For p € C,(£2), let us define the so-called critical Sobolev exponent of p
by

Aﬁiﬁ) if p(x) < N,

+00 if p(x) > N,

pr(x) =

for every x € 2.

We also define the space VVO1 » (x)(.Q) as the closure of the space C§°(£2) (C*°-functions
with compact support in £2) in the space W?®)(£2) with respect to the norm ||z|| 1p(x)-

TIE dual space of W,” ®(£2) is denoted by W12 ®(82), where ﬁ + ﬁ =1, for every
xe .

With respect to those spaces, we recall from [15, 23] the following.
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Proposition 2.9
(i) Wol’p (x)(Q) is a separable Banach space when p € L°(82), reflexive and uniformly
convex when p € L*°(£2) and essinfg p(x) > 1.
Assume that p,q € C,(2). Then

(i) if p(x) < N and q(x) < p*(x) = A],Vf;(z) for every x € $2, then there is a compact and

continuous embedding
Wl.p(x)(g) s Lq(x)(g);
(ili) if p(x) > N for every x € 2, then
lep(x)(Q)CﬁLoo(-Q);
(iv) there is a constant C > 0 such that

lulpo < ClIViullpy, forall u e WP ().

Remark 2.10 Using estimate (iv) of Proposition 2.9, we derive that the norm [|ul|1,() =
IVullp) + |ulpe) is equivalent to the norm [|u|| = ||Vul|,) in Wg’p(x)(.Q). Here and hence-
forth, we will consider the space Wol’p(x)(.Q) equipped with the norm [lu|| = || V|| ().

Moreover, one can prove (cf. [15]) that the norm ||u«|| is weakly sequentially lower semi-
continuous.

Remark 2.11 If g € C,(£2) and g(x) < p*(x) for every x € £, then the embedding of
w,? ®)(£2) into LI (£2) is compact.

As in the case p(x) = p (a constant), we consider the p(x)-Laplacian operator
Ay W (2) > W O(2)

defined by

(=Apyu, V) =/ IVulP¥2VyVvdx forall u,ve Wg’p(x)(.Q),
fo)

where (, ) denotes the duality pairing between Wol » (x)(.Q) and W17 ®(0).
We have the following properties (cf. [10, 22]).

Proposition 2.12
1) —Apw: Wol’p(x)(.Q) —> W WO(R)isa homeomorphism.
(il) —Apw Wol’p(x)(.Q) — WY ®(Q) is a strictly monotone operator, that is,

—(Apwth — Dpyv,u—v) >0 forallu#ve Wol’p(x)(s?).
(ili) —Apw Wol’p(x)(.Q) — WO Q) is a mapping of type (S.), that is,

ifu, —u in Wol’p(x)(.Q) and  1imsup(—A ey, ty — 1) <0,

n— 00

then u, — u in W(}'p(x)(ﬂ).

Page 5 of 21
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Proposition 2.13 The functional W : Wy”™ (2) —> R defined by

lP(u):/ lemp(’“)dx
e p(x)

is continuously Fréchet differentiable, sequentially weakly lower semicontinuous, and
W' (1) = — Ay for all u € Wg"®(22).

Note that, if f : 2 x R — R is a Carathéodory function and u € M, then the function
Nru : 2 — R defined by (Nyu)(x) = f(x, u(x)) for x € £2 is measurable in £2. Thus, the
Carathéodory function f : £2 x R — R generates an operator Ny : M — M, which is called
the Nemytskii operator. The properties of Ny are recalled through the propositions below
(see [35] for details).

Proposition 2.14 Suppose that f : 2 x R — R is a Carathéodory function satisfying the

following growth condition:

a(x)

V(x, t)| <c|t|P® + h(x) foreveryxe€ 2,t€R,

where o, € C,(2), ¢ > 0 is constant, and h € LP®¥(2). Then Ny(L*®(2)) C LF¥(2).
Moreover, Ny is continuous from L¥9(2) into LPP(2) and maps a bounded set into a
bounded set.

Proposition 2.15 Suppose that f : 2 x R — R is a Carathéodory function satisfying the

following growth condition:
V(x, t)‘ <c|t]*™ 1t 4 h(x) foreveryxe 2,teR,

where ¢ > 0 is constant, a € C,(2), h € LY %(2) with o' the conjugate exponent of ., i.e.,
o (%) = 350 Let F: 2 x R — R defined by

x)

t
F(x,t) = / f(x,s)ds.
0
Then
() F is a Carathéodory function and there exist a constant c; > 0 and o € L'(2) such
that

|F(x,t)| <a)t]*™ + o (x) forallx € 2,t e R.

(ii) The functional ® : L*¥(2) — R defined by ®(u) = fg F(x, u(x)) dx is continuously
Fréchet differentiable and ®'(u) = Ny(u) for all u € LY@(2).

Remark 2.16 Since the embedding W, @ (2) < LY®(2) is compact for « € C,(£2) with
a(x) < p*(x) for every x € £2, we derive from Proposition 2.15 the following diagram:

N, / * /
Wor(2) <> 10(2) 2 170(2) & w0 (),

Page 6 of 21
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which shows that Ny : Wol’p (x)(.Q) — WP®(Q) is strongly continuous on W/Ol'p (x)(.Q).
Using the same argument, the functional @ : Wg‘p (x)(.Q) — R defined by &(u) =
/, o F(x,u(x)) dx is also strongly continuous on Wol P (x)(.Q).

Throughout this work, f : 2 x R — R is a Carathéodory function, V € L¥®(£2). Let us
denote

2_={xe2,V(x) <0}

We require the following assumptions on problem (1.1):
(A1) p,g,sand B € C,.(£2) such that, for all x € £,

q(x) < p(x) <N, B(x)<px) <N, N<s) forVel'™(R). (21)
(A1) Moreover, we assume that

do_ = sup qx)<p~ and B'<p. (2.2)
(A2)

[fe,t)| <t + h(x) forallxe 2,teR, (2.3)
where ¢ > 0 is constant, 8 € C,(£2) with B(x) < p*(x) for every x € 2, and h €
L>(£2).

(A3) There exist y € L*(£2), y >0, and 6 satisfying 6 < p~ such that

F(x,t) > y(x)|t|” forallxe £2 andanyt € [0,1], (2.4)

where F(x,s) = [, f(x, ) dt.
(A4) fx,—t) =—f(x,t) forx e 2, t e R.

3 Main results
In this section, we give some auxiliary results prior to the establishment of our main
results. Here and henceforth, we denote by X the generalized Sobolev space Wol ? (x)(.Q)

equipped with the norm ||- ||, X* its dual space, and we define the continuous function «
by
ax) = M (3.1)
s(x) — q(x)

From assumptions (A1) on the functions p, g, s and from (3.1), a straightforward compu-
tation gives g(x) < p*(x), B(x) < p*(x), s’ (x)q(x) < p*(x), a(x) < p*(x) for every x € 2. Hence,
we have the following remark.

Remark 3.1 From (ii) of Proposition 2.9, the embeddings X < L1¥(£2), X — L*@(),
X > LS@4®)(2), and X <> LP®(£2) are compact and continuous. Therefore, there exists
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a positive constant C such that
|1tlqc) < Cllull, tlaq) < Cllull, |uls()qe) = Cllulls lulpey < Cllull — (3.2)
for all u € X. Without any loss of generality, we can suppose that C > 1.

We are interested in the investigation of weak solution of (1.1), say a function u € X
satisfying

/ IVulP92VuVydx + / V()| 12 yy dx = / fx,uyvdx, VveX. (3.3)
2 2 2

Let us consider the Euler—Lagrange functional or the energy functional H : X — R asso-
ciated with problem (1.1) defined by

Ly V@) e g d
H(u) /Qp(x)wm x+/Q e || dx /QF(x,u) X.

_ V(x)
Let us denote J(u) = [, q(_;‘) |1 dx.
Then the energy functional H can be written as

H(u) =¥ (u) +J(u) - & (u),
where we recall that

I R e -
¥ (u) /Qp(x)wm dx and @ (u) /QF(x,u)dx.

The functional H is obviously well defined and satisfies the following.
Proposition 3.2 The functional H is continuously Fréchet differentiable and is weakly
lower semicontinuous. Moreover, u € X is a critical point of H if and only if u is a weak

solution of (1.1).

Proof By Proposition 2.13 and Proposition 2.15, we have that the functional H € C'(X,R)
and its derivative function is given by

(dH(u),v):/ |Vu|p(x)_2Vqudx+/ V(x)|u|q(x)_2uvdx—/f(x,u)vdx
o) fo) o)

forall u,v € X. Now, let u be a critical point of H, then we have dH (1) = Ox+, which implies
that

(dH(u), V) =0 forallvelX.

Consequently,

/|Vu|1’(x)_2VuVde+/ V(x)|u|q(”)_2uvdx:/f(x,u)vdx, VveX.
o) fo) fo)
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It follows that # is a weak solution of (1.1). On the other hand, if « is a weak solution of
(1.1), by definition, we have

/ IVulPW=2vyuVydx + / V() u| T2y dx = / flx,u)jvdx, VveX,
2 2 2
which implies that

(dH(u), V) =0 forallveX.

So, dH(u) = Ox+ and hence u is a critical point of H.

Let us show that H is sequentially weakly lower semicontinuous.

Consider a weakly convergent sequence (u#,) to u in X, we have W(u) <
liminf,, ;0o ¥ (#,). By using the Holder inequality, Proposition 2.5, and inequality (3.2),
for any n € N, we deduce that

1 2
/—\v i1 < 1V i

o q(x) s/ (x)q(x)? |u,,| (% )q(x)}

2 - — + +
< ;IVlsmmaX{Cq letnll T, CT flua |7 }. (34)

Recalling assumption (A2) and integrating the growth condition with respect to ¢, we ob-
tain

< aop) () + |hloo|ul, (3.5)

/QF(x, u)dx

where a > 0 is a constant depending on the real numbers ¢, B~ provided by (A2). Re-
calling the compact embeddings X < L @™ () and X < LFW(£2), we deduce that
J(u,) — J(u) and @ (u) < liminf,_, .oc @ (u,); and hence, H is sequentially weakly lower
semicontinuous. The proof is complete. O

Next, we have the following.

Proposition 3.3 Under assumptions (A1), (Al'), (A2), the energy functional (H) is coer-
cive.

Proof Suppose that ||| > 1, then

H(u) = / 0 IVM|px)d / | 19 dx /F(x,u)dx
> —/ |Vu|p(x)dx—— V() )™ dx — aCP" ||u|?" - bllu|
" q Jo_
1
zp—llull" —q—K"ﬂ )%= — aCP" |ull?" - bl|ul, (3.6)

where K, C, and b are positive constants depending on the Sobolev embeddings V and F.
Since g5, <p~ and B* < p~, we get that H is coercive. d

We are now ready to state the first existence result of this work.

Page 9 of 21
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Theorem 3.4 Under assumptions (A1), (A1l'), and (A2), problem (1.1) has a weak solution.

Proof Since H is differentiable, coercive, weakly lower semicontinuous, H has a critical
minimum point # in X which is a weak solution of (1.1) and then the proof is complete. (]

Remark 3.5 Notice that when V is positive, the first condition in (A1’) is not necessary

and the proof of the coercivity of H is of course trivial.

Corollary 3.6 Suppose that hypotheses of Theorem 3.4 are satisfied. If besides V € L*¥(2)
is a nonnegative function and f(x,-) : R — R defined by f(x,-)(t) = f(x,t) is a decreasing
function for a.e. x € $2, then problem (1.1) has a unique weak solution in X.

Proof Let u;,u; € E such that
(dH(ul),v) = <dH(u2), v) =0 forallvelX,
then we have
(dH(ul) —dH (uy), uq — uz) =0. (3.7)
From the strict monotonicity of —A,), we have
0 < —({Ap@wu1 — Dpta, U1 — Us)
= [ 009) o 1009)) (1) - ) i

- /ﬂ V) (|t )] "1 (%) - |12®)| " 102 (®)) (1 () — 102()) . (3.8)

Since the potential V' is nonnegative and the function f(x, -) is decreasing for a.e. x € £2,

the right-hand side of (3.8) is nonpositive, and then we get
—(Apyt1 — Apty, Uy — uz) = 0.
Recalling again the strict monotonicity of —A ), we get u; = uy. O

Remark 3.7 In addition to the assumptions in Corollary 3.6, if the Carathéodory function
f: 82 x R — R satisfies (A4), then u = 0 is a trivial solution, and since the solution is
unique when it exists, then # = 0 is the only one solution in X for Dirichlet problem (1.1).

In the next step, we will suppose that condition (A1’) is no longer satisfied and of course
the coercivity of the functional H fails since V is a sign-changing function. In this case,
we prove that H satisfies the Palais—Smale (PS) condition and show multiplicity results for

our problem.

Definition 3.8 The C!-functional H is said to satisfy the Palais—Smale condition, in short
the (PS) condition, if any sequence (u,,),eny € X, for which (H(u,,)),eny € R is bounded and
dH(u,) — 0 as n — 00, has a convergent subsequence.
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Proposition 3.9 Under assumptions (A1) and (A2), the functional H satisfies the (PS)

condition.

The following lemma plays a key role in the proof of Proposition (3.9). The constant

exponent version (p(x) = p) of the lemma can be found in [14].

Lemma 3.10 Let w be positive on §2 and satisfy » € L' (2) with r(x) > % ifl<gq(x) <N
orr(x) = 1 if g(x) >N, x € 2, and let T > 0 be a constant. Then there are three positive

constants Cy, Cy, Cs depending only on w and T such that
0p()(Vae) < CLH () + Coymin(lul?, o, [l ) + Cymin(julf ), lulf ) (3.9)

for every V e L*®)(2) such that Vg < T, re L(2), p,q,B € C.(2), and for u € X,

where |t],q() = inf(A > 0: [, w[%|1%) dx < 1}.
Remark 3.11 Clearly, in Lemma (3.10), f_q o|u|?® dx < oo for any u € X. The case r(x) = 1

with g(x) > N is obvious since p(x) > N and then X < L*®(£2).
For the case r(x) > % and 1 < g(x) < N, Propositions 2.3 and 2.5 yield

[ olut dx <210
2

q q
0) < max(lwlr(-)|u|q(,)/(,): |W|r()|u|q()r/()),

And since g(x)r'(x) < p*(x) for any x € 2, [, w|u|¥ dx < oo for any u € X. Accordingly,
|24] gy = Inf{A >0 : fQ ol |9%) dx < 1} stands for the Luxembourg norm on the Orlicz—
Musielak space Ly where M(x,t) = w(x)t?®). Endowed with this norm, Ly, is separable
and reflexive (see [19, 24]).

Proof of Lemma 3.10 Recalling (3.4) and (3.5), we have

v 2 . -
/;2 @lulq(@ dx| < quV|s(.) max(lulg(,)s,(,), |u|g(')s,(')), (3.10)
/QF(x, u)dx| < aopy(u) + |hloolu| < Mmax(|u|§(.), |u|§(__)), (3.11)

where M > 0 is a constant depending on the real numbers |k|o, ¢, B~ provided by (A2),
and on £2.

Let us claim that, for any € > 0, there are M, and M, such that

q" q : q’ q
max(|u|q(A)s/(A): |”|q(A)S/(.)) = EQp(<)(Vu) +Me mln(|”|w1q(A)t |u|w,q(-))’ (3.12)

max (|ulf ), ulfy)) < €gpo) (V) + M, min(lulf ), [ully,)). (3.13)

Let us deal first with (3.12) by assuming to the contrary that there exist ¢y > 0 and a se-

quence #, in X such that |u,|4s) =1 and

€00p() (Vitn) + mmmin(|uy|f ), l4al7, 1)) < 1.
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Then (u,) is a bounded sequence in X and up to a subsequence, (,) converges weakly

to some uy € X and strongly in LIOSO(Q). Consequently, |ugly)s() = 1, and then
=

wq(

A similar approach enables us to get (3.13).

Let T > 0 be such that max(ql_ |Vi(-)|, M) < T, and let € satisfy 0 < € < T~1. By combining

(3.10), (3.11), (3.12), we get

.
min(|u0|z),q(,), luol? ) < 0. Contradiction.

(1—€T)ep() (V) < H(w) + TM min(julf ), 1ul? )+ TM, min(lulf ), [ully,)), (3.14)
and the proof of the lemma is complete. d

Proof of Proposition 3.9 Let (u,),en C X be a (PS) sequence for the functional H, i.e., there

exists a positive constant k > 0 such that
’H(u,,)| <k forallmeN, and ’(dH(u,,), v)’ <e&,lv|| forvelX, (3.15)

and €, - 0 as n — o0.
Let us show that the sequence (u,),cn is bounded in X. By contradiction, assume that
|lzt,,]| = o0 as m — oo. Up to a subsequence, we have ||u,|| > 1 for any n € N, and by choos-

ing w = 1 in Lemma 3.10 and replacing u by u, in (3.9), we obtain
00 (Vitn) < CrH (1) + Comin (||, 114l ) + Camin(juaal ), 14 lf)
and consequently
luall”” < Crk+ Cyllunl|? + Chllunll”, (3.16)

where Cj, C; are constants depending on C,, C; and the Sobolev embedding constants.
Dividing (3.16) by || u,||”", we have

Cik

< e Cylluall” P+ Cyllunll”
letul”

and passing to the limit leads to a contradiction since p~ > ¢~ and p~ > 8. So (u,) is
bounded in X and up to a subsequence converges weakly in X and strongly in L'® with
1 <r(x) < p*(x) to ug.

Let us show now that (u,),cn converges strongly to u, in X. Indeed, since the functional

H satisfies the Palais—Smale condition, we have
<_Ap(x)un: Uy — MO)
~ )t =)~ [ VOt 0= o)+ [ F o)t~ )b
o 2
< Eullttn — tto | + MoV 15 |14 16 = thola) + M ||| PO | 20 lihn = ol ()

+ My |h|oolten — tolp()
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where ¢, — 0 and My, My, M, and k € {g~ — 1,4* — 1} are positive constants. Next, using

the Sobolev compact embeddings, we obtain

lim sup{—A ) thp, ty, — tig) <0 (3.17)

n—00

and then, by the (S, ) property of —A ), we get that u,, — ug strongly in X, and the proof

is complete. d
We are now ready to state the following existence result for multiple solutions.

Theorem 3.12 Under assumptions (A1), (A2), (A3), and (A4), problem (1.1) has a
bounded sequence of weak solutions (u,),en C X such that H(u,) = ¢, < 0. Moreover, the

sequence of the critical values (c,), tends to c = infxy H.

Theorem 3.12 is derived by searching solutions as critical values of the functional H by
means of a symmetric version of the mountain pass theorem.

Many versions of the mountain pass theorem stated according to the geometry of the
problem under consideration exist in the literature (see 3, 31, 33, 34]). We state below an

appropriate version to our situation.

Theorem 3.13 (A symmetric mountain pass theorem ) Suppose that X is an infinite di-
mensional real Banach space. Let H € C1(X,R) be even and satisfy the (PS) condition and
H(0) = 0. Assume that
(i) there are some constants p,a > 0 such that H(u) > o for all u € X with ||u| > p;
(i) for each finite dimensional subspace F of X, there is a constant R > 0 such that
H(u) <0 forall u € F with |u|| < R.
Then H has a bounded sequence of negative critical values (c,) tending to infy H.

The proof of Theorem 3.13 can be adapted from some works in the literature. We give

it as an appendix to this work for the sake of completeness.

4 Proof of Theorem 3.12 and auxiliary results
The proof will consist in showing that H satisfies the geometry required to apply the sym-

metric mountain pass theorem.

Lemma 4.1 Under assumptions (A1), (A2), and (A3), there exist some constants p,o >0

such that H|{ueX:||u||2p] >o.

Proof Suppose on the contrary that, for any n € N*, there exists a sequence (u,) € X such
that H(u,) < % for ||u,| > n. Recalling (3.9), we have

1 - -
1= G+ Gyl |77 + Cyllu P

with g~ — p~ <0, B~ — p~ < 0 and passing to the limit yields a contradiction. Then
Lemma 4.1 holds. 0
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Lemma 4.2 Suppose that assumptions (A1) and (A3) are satisfied. Then, for each finite
dimensional subspace F, there is a constant R > 0 such that H(u) < 0 for all u € F with
llull < R.

Proof By assumption (A3),

F(x,t) > y(x)|t|” forallx e £2 and for any ¢ € [0, 1[. (4.1)

On the other hand, it is easy to see that the functional ||- || : X — R defined by

lullo = ( /Q y(x)|u(x>|@dx>e (4.2)

is a norm on the space X. Then on the finite dimensional subspace F the norms || || and
I llo are equivalent, so there exists a constant v > 0 such that

v|ull < |lully forallueF. (4.3)

Now, let v € F and write v = su with ||u#|| =1,and 0 <s < 1,

H(V)=/ is”(")|Vu|p(x)dx+/. qu(")lulq(")dx—/ F(x,v)dx
2 p(x) 2 q«) 2

+

P N _ .
< —lul” + [V Iseos? Nul® =" |lullf, (4.4)

where C is a constant deriving from the Sobolev embedding.
Using the fact that ||« = 1 and (4.3), we obtain

+

s$ 2C1 _
HW) < — + —|Vl]sws? - vos?
p q
I1 1 /207 1
ESP |:—_+ P (—_|V|S(x)—v0 _9)]. (45)
p- £ q sF

Since p~ > ¢~ and p~ > 0, we have for s < 1 small enough that H is nonpositive, that is,
there is n such that

Hy)<0 forO<s<n<l.

Take R = n and then Lemma 4.2 is proved. d

To conclude with the proof of Theorem 3.12, we notice from (A4) that H(0) =0 and H
is even, and from Lemmas 4.1, 4.2, H satisfies the conditions required in Theorem 3.12,
and then the result is achieved.

An auxiliary result in terms of multiple solutions in the same spirit of the works in [1, 6],
and [22] can be obtained in our context by means of the fountain theorem. However, the
sequence of solutions obtained either by the mountain pass theorem or the fountain theo-
rem are quite different. Of course, in our context, the sequence of critical values obtained
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via the mountain pass theorem converges to a nonzero limit, while the use of the fountain
theorem gives rise to critical values sequence converging to 0 as stated in Theorem 4.3
below.

Theorem 4.3 (Dual fountain theorem) Suppose that X is an infinite dimensional reflex-
ive separable Banach space. Let H € C1(X,R) be even and satisfy the (PS) condition and
H(0)=0.

Write X = spanfe,, e, € X Vn > 1}, X* = span{e}, e € X* Vn > 1} with €}(e,,) =1 if m=n
and €} (e,,) = 0 if m # n, and define the subspaces

k 00
Xy = span{eg, k > 1}, Yi = @X', Zy = @X,
j=1 j=k

Assume that there are some constants pi > ry > 0 such that
(i) H(u) >0 forall u € Zy with ||u|| = pk,
(i) H(u) <0 forall u € Yy with ||ul| = ry,
(iil) dy = infiuez, juj<p) H (@) = 0 as k — +oo.
Then H has a sequence of negative critical values (c,) tending to 0.

Sketch of the proof H satisfies of course (PS), and by means of Lemmas 4.1 and 4.2, (i), (ii)
are also satisfied. Thus, to prove Theorem 4.3, we need only to show that (iii) is satisfied.
Accordingly, we need the following lemma whose proof can be pointed out similarly as in
[1, 6], and [22].

Lemma 4.4

1%
Bk= sup /u|uk|19dx—>0
ez lul=1yJ 2 q(x)

Br=  sup / |F(x,ui)| dx — 0 ask — +oo.
{uezy,llul=1} J 2

To conclude the proof of Theorem 4.3, we notice that

L 126000 VI q®) ..
H(”)Z/ﬂp(x)IVul dx /;zq(x) [4] 7™ dx /Q|F(x,u)|dx.

VO e g
> /Qq(x) || dx /Q‘F(x,u)‘dx.

Choosing u = tv with 0 < £ < p and ||v|| = 1, we have

0=H(0)>d= inf  H(u)>-pr—B; forklarge enough.
{ueZy, lull<px}

Consequently,

inf H(u) > 0 ask— +oo. O
{ueZ,lull<px}

Page 15 of 21
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Appendix: A symmetric mountain pass theorem version
Theorem A.1 (A symmetric mountain pass theorem) Suppose that X is an infinite di-
mensional real Banach space. Let H € C*(X,R) be even, satisfy the (PS) condition, and
H(0) = 0. Assume that

(i) there are constants p,a >0 such that H(u) > « for all u € X with ||u|| > p;

(ii) for each finite dimensional subspace F of X, there is a constant R > 0 such that

H(u) <0 forall u € F with |lu|| <R.

Then H has a bounded sequence of negative critical values (c,) tending to infy H.

The proof of Theorem A.1 is based on the notions of genus and an appropriate defor-
mation lemma [3, 33]. We state them below. Let us denote respectively by C(X,Y) and
X (X) the space of continuous maps from X into Y and the family of closed in X subsets

of X'\ {0}, symmetric with respect to the origin.

Definition A.2 A in X (X) has the genus # (denoted by y (A) = n) if n is the smallest integer
for which there exists a map ¢ € C(4,R" \ {0})
y(A) = oo if there exists no finite such # and y (&) = 0.

Let us denote
N;(A) = {u e X,d(u,A) < 8}.
Below, we state some useful properties in the sequel for y and the deformation lemma.

Proposition A.3 Let A,B € X(X) and U C R¥ be an open, bounded, symmetric neighbor-
hood of the origin.
1. Ifthere is odd ¢ € C(A,B), then y(A) < y(B).
. IfA C B, then y(A) < y(B).
. Y(AUB) <y(A)+y(B).
- Af y(B) <00, then y(A\ B) > y(A) - y(B).
. If A is compact, then y(A) < 0o and y (N5(A)) = y (A) for all sufficiently small §.
. y(0U) = k and in particular y (S*1) = k.
. If A is homeomorphic to dU by an odd homeomorphism, then y(A) = k.

NN o W

In order to state the deformation lemma, let us define for H € C}(X,R) and ¢ € R, the
sets

KC:{ueX,H(u):candH’(u):O} and ﬁc:{ueX,H(u)Zc}.

Clearly K, is a compact set because of the (PS) condition. Then we have the following

variant of the deformation lemma.

Proposition A.4 (Deformation lemma) Suppose that X is a real Banach space and H €
CL(X,R) satisfies the (PS) condition. If c € R, € > 0, and U is a neighborhood of K¢, then
there exist € € (0,€) and n :[0,1] x X — X such that

1. n(0,u)=uVueX.

2. n(t,u) =u VvVt €[0,1] and u € X with |H(u) —c| > €.
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3. H(n(t,u)) > H(u) Vt € [0,1], u € X.
4. n(1, He \U) C Hye.
5. IfH is even, n(t,u) is odd in u.

Remark A.5 The proof of Proposition A.4 here is a slight modification of the proof en-
countered in many works in the literature for the standard deformation lemma (cf. [3, 12,
13, 28, 31, 33]). The method is technical and is based on the construction of a positive
modified gradient flow for H rather than the negative gradient flow one in the standard

deformation lemma.
Proof of Theorem A.1 Let us choose p as in Theorem 3.13 and call B,, the ball centered at
the origin O. Let F,,, be a finite dimensional subspace of X with dim F,, = m, F,, is spanned
by {e1,es,..., €y} such that B, N F,, # @. Denote D’ = B, N F,, and

G, = {h IS C(D;”,X),h is odd, and % = id on E)B_p ﬂFm}.

Since id € G,,,, G,, # @: Next, we set

I ={h(Dr\Y),he Gy Y C ZX),y(Y)<m-j,j <ml},

where y(Y) is the genus of Y. k(D7 \ Y) = h(D}' \ Y) and is compact and the family of the
sets ([}); satisfies the following properties:
(i) (I7) # @ forallj.
(ii) Tj+1 C T;. (Monotonicity).
(iii) If Be Ijand Y € ¥(X) with y(Y) <s <j, then (B\Y)e T} for each j. (Excision)
(iv) If ¢ € C(X,X) is odd and ¢ = id on 8B7p N F,,, then ¢ : I} — T for eachj e N,
(Invariance)
Indeed, (i) is satisfied since the set {Y € X' (X)/y(Y) < m—j} is not empty as a consequence
of (7) of Proposition A.3. (ii) is a trivial consequence of the construction of I}. (iii) is de-
rived from (4), Proposition A.3. For (iv), we just have to notice that ¢ o 1 € G,,,.
Note

¢; = sup min H (u).
BEI—}‘ ueB

Since B is compact ¢; < 0o for any j and, moreover, ¢;.1 < ¢; because I},; C I}.

Next, we claim that ¢; < 0.

Indeed, let B € I}, then B = k(D7 \ Y) with Y € ¥(X) and y(Y) <m - 1.

We have that H(#) > « on 9B, and H(u) < 0 for u € Bg, where R is provided by (ii) of
Theorem 3.13. Clearly, p is chosen such that p > R.

Let 2 ={ue D;”/h(u) € B} and denote by £2 the component of Q containing the ori-
gin O. Since / is odd and /4 = id on dB, N F,,, §2 is a symmetric bounded open neighbor-
hood of O in F,,,, and hence y (02) = m.

Moreover, h(u) € dBgr N F,, if u € 982. Indeed, suppose h(u) € Bg N F,, if u € 082. If
u € DY, then one can find a neighborhood V(u) of u such that /() € Bg,and hence u ¢ 952.
If, on the other hand, u € 3D}, one has h(u) = u and then ||h(u)|| = lul| = p > R. This is a
contradiction, so 4#(u) € dBr N F,, if u € 952 must hold.
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Let
W ={u € D'/h(u) € 3Br N F,,}.

Since 92 C W, y(W) > y(3£2) = m. Thus y(W\ Y) > m — (m — 1) = 1. Consequently,
W\ Y # @ and then there exists iz € W \ Y such that /() € BN dBg. Hence

n}ginH(u) <H(h(w) < ggH(u) <0. (A.1)

Since A.1 is valid for any B € I'1, we have ¢; < 0.
Given j, it may happen that the multiplicity of ¢; occurs, that is,

¢g=---=cjk=c forsomek=>0. (A.2)

We shall prove in this case that y(K.) > k + 1 in order to conclude that K, contains no less
than & + 1 points. 0 ¢ K, since H(0) = 0; moreover, H is even and accordingly K, € X' (X)
and y (K,) < o0.

If y(K.) < k + 1, then there exists § > 0 such that ¥ (N;(K,)) < k + 1. Denote U = Ns(K,).
For any € > 0, by Proposition A.4 (the deformation lemma) and Remark A.5, there are
€ €(0,€) and n € C([0,1] x X, X) such that

(L He_e \U) C Heye. (A.3)

Choose any B € I}, such that ming H(u) > c — €.
By A.3 we get

min H(u) >c+e. (A.4)
n(LB\U)

Recalling the excision property (iii) above, we have B\ U € T}, and by choosing € = —¢/2
in Proposition A.4, points (2) and (5) of the proposition enable us to conclude that 1(1,-)
is odd and H,; >« >c¢—c¢/2 = ¢/2, and hence n(1,-) € G, for all m € N. Consequently,
n(1,B\ U) € I} and the definition of ¢; gives

min H(u) <c,
n(1,B\U)

which is in contradiction with (A.4). Thus y(K,) > k + 1 and hence K¢ contains no less
than k + 1 points.

Let us show that each ¢; is a critical value of H for any . In order to prove it, assume that ¢;
(for fixed j) is not a critical value, that is, K, ;= D. Then, choosingl{ = &, by Proposition A .4
(the deformation lemma) and Remark A.5, there are € € (0,€) and n € C([0, 1] x X, X) such
that

n(1,H,_.) C Hye forc—e>O0. (A.5)

Choosing any B € I such that ming H(x) > ¢ — €.



Marcos and Abdou Boundary Value Problems (2019) 2019:171 Page 19 of 21

By (A.5) we get

min H(u) > ¢ + €. (A.6)
n(1,B)
Choosing € = —c/2 in Proposition A.4 and arguing around points (2) and (5) of the propo-
sition as above, we have that 1(1,-) € G,, for all m € N. Consequently, n(1,B) € T} and the
definition of ¢; gives

min H(u) <c.
n(1,B)
Contradiction with (A.6), so ¢; is a critical value.

Let us show that ¢; tends to infy H = c as j — +00. Obviously, ¢ = infy H < 0o since H
is bounded below on X. The critical values sequence (c;); is monotone nonincreasing, so
there is @ > ¢ such that ¢; — & as j - +00. & < ¢; for all j, otherwise y (K3) = oo according
to (A.2); but Kz € ¥(X) and is compact, so y(Kz) < 0o, contradiction. So & < ¢; for all j.
Suppose that ¢; does not tend to ¢, that is, & > ¢, and denote

H= {u €X,c<H(u)<a, and H' (u) = O}.
‘H is compact by the (PS). Besides, H € X' (X) and there exists § > 0 such that y (N;(H)) =
y(H) < 0o. Suppose y (H) = n. Recalling Proposition A.4 and Remark A.5, with € =& — ¢
and O = N(H), there are € € (0,€) and n € C([0, 1] x X, X) with (1, -) odd such that

7)(1,1:124 \ O) C ]:IE+e~ (A7)

Choose the smallest value  of the dimensions of the finite dimensional subspaces of X
such that ¢; < @ + € and choose B € I};,, such that

mgnH(u) >a—e€.
By (A.7) we get

min H(u) > a +e€. (A.8)
n(1,B\O)
Since Hbe >a >0, wehave |H(u) —c| > o —c>a —c=¢ for u € 0B, N Fj, and recalling
points (2) and (5) of Proposition A.4, we have 1(1,-) € G;; andthen B\ O and n(1,B\ O) €
I;,. Consequently,

a+e>c; > min H(u)>a +e.
n(1,B\O)

Contradiction. So ¢; — ¢ and the proof is complete. g
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